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Abstract

The mechanical response of porous materials undergoing pore closure is strongly influenced by the progressive ac-
tivation of solid-solid contact, which induces anisotropic and path-dependent effective properties that are difficult to
capture with classical homogenisation approaches. This work presents a finite-element-based incremental framework for
computing the evolving incremental (tangent) effective response of two-dimensional porous media under plane-strain
conditions, explicitly accounting for frictionless contact between pore boundaries. The proposed approach combines
a segment-to-segment contact formulation with periodic boundary conditions and a perturbation-based procedure to
extract tangent stiffness along the deformation path. A central contribution of the work is the introduction of a fast
approximation strategy for the linear complementarity problem (FA-LCP), which avoids the computational expense of
conventional LCP solvers while preserving the accuracy required for homogenisation. Compared with classical Lemke
and projected Gauss–Seidel algorithms, the proposed method reduces the contact solution time by up to two orders
of magnitude, with negligible additional memory requirements.

The framework is applied to representative porous geometries to investigate how progressive pore closure modifies
directional stiffness. The results highlight the transition from deformation-controlled to contact-dominated behavior
and show how contact interactions govern the anisotropic evolution of the effective response. The method provides
an efficient tool for analyzing contact-driven homogenised properties in porous solids, with potential application in
multiscale simulations.

Keywords: Anisotropic porous structure; incremental homogenisation; solid contact; finite element method;
perturbation-based stiffness updating

1 Introduction

The mechanical behaviour of anisotropic porous materials plays an important role for the safe and efficient design
of subsurface engineering applications, such as geological CO2 sequestration, hydrogen storage, geohazard mitiga-
tion, and unconventional hydrocarbon extraction. To model and predict hydromechanical behaviour of rocks in the
poroelasticity framework, macroscopic properties such as Young’s modulus, shear modulus, and Biot coefficients are
required. Microstructural evolution of porosity, solid-solid contact interactions, and structural anisotropy of the ma-
terial collectively govern these macroscopic hydro-mechanical characteristics [1, 2]. Such evolution encompasses pore
partitioning and fracture initiation [3], fracture closure and opening dynamics [4] and pore clogging with resultant
permeability alterations [5]. Accurate prediction of these microscale properties, particularly their evolution under
deformation that can induce changes in the contact network, is essential for reliable multiscale modelling of porous
media.

Extensive research has been conducted on the continuous deformation of microscopic porous materials. After the
seminal development of Biot’s poroelasticity theory [6], his framework was later extended to multiphysics couplings
and multiphase pore fluids (see, for instance, [7]). Pore geometry evolution ranging from collapse-induced softening
to elongation-driven hardening, directly influences mechanical behaviour of the porous material [8]. To consider the
effect of the closing or opening of pores when the pore walls come in contact with each other, the integration of solid
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contact mechanics into models of porous media is required. A wide range of techniques for dealing with contact have
been proposed in the literature, including approaches such as penalty-based or Lagrange multiplier techniques in the
classical finite element method (FEM) [9] or particle finite element method [10], third-medium approaches [11, 12],
discrete element method (DEM) [13], coupled multiscale finite element method–discrete element method models with
microscale cohesion [14], discrete fracture network approaches [15], boundary element method [16], meshless methods
[17] and the the material point method [18].

Although microscale modelling of geomaterials is currently dominated by DEM-based techniques, these methods
are limited by their representation of complex pore geometries, spurious stiffness and numerical instabilities in classical
DEM [19], or the assumption of perfectly rigid particles in nonsmooth contact dynamics [20, 21, 22]. Advanced vari-
ants, such as the Level Set DEM [23, 24], improve the description of irregular grain geometries but at a substantially
increased computational cost without overcoming these inherent limitations. Meanwhile, most FEM-based contact
studies have focused on macroscopic problems, such as soil–structure interaction and structural performance [25],
with comparatively limited application to evolving porous geomaterials. Owing to its ability to accurately represent
complex geometries, nonlinear material behaviour and continuous deformations, together with its well-established
mathematical framework for the approximation of partial differential equations, FEM provides the broadest applicab-
ility and is therefore adopted in this work. Within the FEM framework, several formulations are available for contact
analysis, including Hertzian contact theory [26], penalty methods [27], Lagrange multiplier techniques [28], augmented
Lagrangian approaches [29], and nonsmooth mechanics formulations [30, 31, 32].

Unlike penalty methods that require artificial stiffness parameters, nonsmooth approaches directly compute contact
forces with high precision and numerical stability by rigorously enforcing the non-penetration constraint through
set-valued functions [33] and are apt to be formulated in variational frameworks that demonstrate excellent energy-
preservation properties [34, 35, 36, 37]. Further, nonsmooth mechanics formulations can often be transformed to
favourable problem formulations arising from the optimisation community, of which the most favourable (and most
frequent, as it arises in cases of contact between linear elastic bodies in geometrically linear frameworks) is the
linear complementarity problem (LCP). However, while rigorous algorithms to obtain solutions of the LCP exist
(such as Lemke’s algorithm [38, 39]), their computational complexity as the problem size increases can lead to high
computational costs. Consequently, for multiscale simulations, an efficient solution strategy that maintains sufficient
accuracy while avoiding excessive computational expense is highly desirable.

In order to make calculations at the engineering scale, a constitutive model is required. Typically, these are phe-
nomenological models that require strong assumptions on the part of the modeller, and often introduce a large set of
material parameters that must be calibrated. By conducting a microscale analysis and applying a suitable homogen-
isation method, it is possible to derive material models that are closely tied to the material’s physical properties and
need minimal empirical calibration. Homogenisation techniques for determining effective material properties encom-
pass analytical, semi-analytical and numerical approaches. Analytical solutions for idealised representative volume
elements (RVEs) include stress fields and elastic properties of two-phase solid composites with isotropic spheres [40],
ellipsoidal inclusions [41, 42], misfitting inclusions [43] and large-strain constitutive relations for elastic matrices with
spherical inclusions [44]. For complex microstructures, numerical methods dominate, enabling homogenisation via
perturbation-based stiffness matrices [45], and asymptotic analysis, mean-field approaches, transformation field ana-
lysis, and multiscale FEM [46, 47]. Analytical methods have been used to obtain drained elasticity tensors, Biot’s
coefficients and permeability as functions of solid volume fraction, the arrangement of spheres, the number of contacts
as well as the intrinsic properties of the solid phase in simplified geometries [48, 49]. Analytical and numerical calcu-
lations at the microscale have also confirmed that poroelastic coefficients depend on pore architecture, global porosity,
and solid-phase Poisson’s ratio [50, 51, 52].

Microscale properties can be used to obtain macroscopic tangent moduli in the context of multiscale FEM (FEM2)
calculations [53], allowing the passage between highly-refined models at the microscale to effective models at the
macroscale. The evolution of these tangent moduli due to a variety of microscale effects is critical for maintaining an
accurate macro-scale simulation as the system deforms, and a variety of methods to obtain them is available, from
the perturbation-based stiffness matrix of multiscale nonlinear composites [54], stress-tangent moduli derived from
discrete boundary forces [55], geometric softening/stiffening in linear comparison composites [56, 57, 58, 59], micro-
structure evolution in neo-Hookean matrices with cylindrical voids [60] and other nonlinear elastic matrices [61, 62].
Conventional iterative stress-update approaches, however, require microscopic model evaluations at every macroscopic
step, which is a computationally prohibitive practice, particularly for materials with strong nonlinearities or complex
microstructures [63, 64]. Perturbation-based stiffness updating addresses this limitation by reducing iterative cycles.
It computes the RVE constitutive stiffness coefficients and mechanical parameters on demand, triggering updates only
when local responses deviate from predefined thresholds [65, 66]. This approach not only facilitates efficient parameter
transfer of stresses and fluxes, but also enables intrinsic mechanical property prediction of the microstructure itself [64].
While there has been some limited consideration of solid contact effects in microscale models (e.g. [67] developed a
homogenised model accounting for contact between rigid and compliant phases for periodic microstructures with rigid
inclusions), a gap persists in existing multiscale perturbation methods, which typically neglect configuration updates
and solid contact effects [66, 68, 69]. Such omissions undermine their applicability to problems involving continuous
deformations, where evolving geometry and interfacial interactions dominate mechanical responses. This study ad-
vances perturbation-based frameworks by integrating real-time configuration updating and contact mechanics, thereby
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extending their validity to systems in which the material fabric substantially evolves, as is common in geomechanical
and metamaterial systems.

The novelty of the proposed framework lies in the consistent coupling of finite-element-based homogenisation with
evolving contact topology at the pore scale, combined with a computationally fast approximation of the associated LCP
(FA-LCP), enabling fast evaluation of tangent effective properties along complex deformation paths. The proposed
framework implements this coupling through four key components: (1) a finite element formulation capable of ac-
curately resolving solid contact interactions with complex geometries, implemented within a dedicated computational
simulator; (2) a fast approximation method to the solution of the LCP; (3) a perturbation-based stiffness updating
scheme that automatically evaluates piecewise anisotropic stiffness matrices and Biot coefficients via small-strain per-
turbations during configuration updating; and (4) seamless integration of stress, displacement, and periodic boundary
conditions into both the deformation analysis and stiffness matrix computation. The framework is then applied to
single-pore and multi-pore configurations to analyse the incremental directional stiffness evolution and post-contact be-
haviour during multidirectional loading. The simulator’s capability to dynamically update poromechanical properties
while enforcing contact constraints enables quantitative assessment of nonlinear and anisotropy-dependent poromech-
anical performance, which is of interest for predicting geomaterials properties in underground storage systems and
optimising anisotropic metamaterials.

2 Material model

In this section, the underlying system of mathematical governing equations for solid deformation and solid frictionless
contact is introduced. Throughout this work, we consider a solid material, that surrounds an empty pore space, where
the material properties of the solid are homogeneous and isotropic. We first consider the solid material as a body and
introduce the appropriate state variables and powers, before defining the material model through the introduction of
an energy potential for the bulk and for the surface. We then proceed to the spatial discretisation of the system using
the finite element method, resulting in a semi-discretised system. Then, we treat the system of the solid material
and the included pores as a single system to model a representative volume element (RVE) of a porous material by
introducing periodic boundary conditions and a perturbation method to compute the macroscopic properties of the
system.

In this model, several assumptions are adopted to ensure consistency with the theoretical framework and numerical
implementation described above. First, the formulation is based on geometrically linear kinematics, in which only
infinitesimal strains are considered. Accordingly, each loading increment is restricted to small strains (typically below
1%) with respect to the current configuration. After every loading step, the piecewise macroscopic stiffness properties
are updated to maintain the validity of the small-strain assumption, even in cases where the pore space undergoes
significant compression or approaches complete closure. Consequently, the derived effective material properties are
always evaluated and applied in the updated configuration under infinitesimal strain conditions. Second, within
the framework of the perturbation-based homogenisation method, the macroscopic effective properties of the porous
medium, including directional Young’s modulus, Poisson’s ratio, shear modulus, and Biot coefficients, are derived
under the assumption of incremental linear elastic constitutive behaviour of the solid skeleton. Third, the treatment
of solid contact assumes frictionless interaction, where nonlinearity arises exclusively from the contact constraints
themselves, while the underlying material response and kinematic description remain linear. Finally, the contact
model is restricted to parallel frictionless segment-to-segment contact, while pore pressure along the contact interface
is neglected.

This procedure can be interpreted as an incremental updated-geometry formulation, in which the deformation is
accumulated through successive linearised steps defined on the current configuration. As a result, large overall deform-
ations associated with pore closure are captured through geometry updates, while each individual problem remains
within the small-strain regime. Consequently, the effective properties reported in this work should be interpreted as
incremental (tangent) moduli defined on the deformed configuration.
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Figure 1: (a) Microscopic porous media model with arbitrary pore structure (white for pore, grey for solid, incorpor-
ating (b) localised solid contact interactions (adapted from [70]) and (c) parallel solid contact configuration.

2.1 State variables and powers

We consider a body Ω ∈ R3 with boundaries denoted by Γ, where the initial position is defined by X and the current
position x. We consider that the geometry and properties of the system are invariant with respect to the x2 variable
(that is to say that we treat two-dimension problems with plane strain) and so the dimensionality of the system can
be reduced with x = (x1, x3) (and similarly for X). The displacement is then given by u(x) = x−X and the velocity
by v = u̇, where the overdot indicates the derivative with respect to time. On the boundaries of the system, we may
define a local orthonormal reference frame denoted (x,n, t) where n ∈ R2 is the normal unit vector pointing outwards
from the surface, and the vector t ∈ R2 is the tangent direction along the surface, positive in the direction that locally
respects the right-hand rule. We may consider the relative normal displacement between two different points, both
lying on a surface by uN(x

1,x2) = (u(x1) − u(x2)) · n ∈ R where n is taken at x1. The relative normal velocity is
then given by vN = u̇N.

For a point lying on the surface of the body, the power of contact is given by

Pcon =

∫
Γ

vnrN dx, (1)

where rN (≥ 0) is the contact pressure at the surface of the body by rN = −(σ ·n) ·n, where σ is the (tension-positive)
Cauchy stress. Then, we have the classical powers of the external, internal and inertial forces given by

Pext =

∫
Ω

v · f dx−
∫
ΓN

v · τ dx, (2)

Pint = −
∫
Ω

σ : ε̇ dx+

∫
Γ

vnrN dx, (3)

Pacc =

∫
Ω

ρv · v̇ dx, (4)

where f is the body force in Ω, τ is the imposed surface traction on ΓN (the region of the boundary that has the
Neumann boundary condition applied), ε = 1

2 (∇u+ (∇u)⊤) is the Cauchy strain, ρ is the mass density and v̇ is the
acceleration. The principle of virtual power ensures that for any virtual velocities v̄, ˙̄ε and v̄N the following holds:

P̄acc = P̄ext + P̄int,∫
Ω

ρv̄ · v̇ dx =

∫
Ω

v̄ · f dx−
∫
ΓN

v̄ · τ dx−
∫
Ω

σ : ˙̄ε dx+

∫
Γ

v̄nrN dx. (5)

From here on we assume both that the system may be treated quasi-statically (that is, it evolves in time, but sufficiently
slowly that the power of the inertial forces is zero), and that the relevant fields are sufficiently smooth away from
contact boundaries. Localisation gives the equilibrium and boundary conditions of the system as

∇ · σ + f = 0 in Ω,

τ = σ · n on ΓN ,

u = uD on ΓD,

rN = −(σ · n) · n on Γ\
(
ΓN ∪ ΓD

)
,

ΓN ∩ ΓD = ∅,

(6)

where ΓD is the region of the boundary that has the Dirichlet boundary condition applied and uD is the prescribed
displacement.
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2.2 Energy potential

The free energy of the system gives us the laws that describes the reversible behaviour of the system. The free energy
of the system Ψ is given by the sum of the free energy of the bulk material Ψe with the free energy of the surface Ψs:

Ψ =

∫
Ω

Ψe(ε) dx+

∫
Γ

Ψs(uN) dx. (7)

In this work we consider the bulk material to be purely incremental linear elastic (and so the strain tensor is equivalent
to the elastic strain tensor) and we may thus obtain the constitutive expression for the stresses with a classical
specification of the bulk energy potential:

Ψe(ε) =
1

2
ε : D : ε, (8)

σ(ε) =
∂Ψe(ε)

∂ε
= D : ε, (9)

where D is a fourth order elastic stiffness tensor and : indicates the double-contraction operation. For convenience,
we may transform this tensor for full 3D isotropic elasticity, using Voigt notation, into a two-dimensional matrix given
by

Ds =
Es

(1 + νs)(1− 2νs)



1− νs νs νs 0 0 0
νs 1− νs νs 0 0 0
νs νs 1− νs 0 0 0
0 0 0 1−2νs

2 0 0
0 0 0 0 1−2νs

2 0
0 0 0 0 0 1−2νs

2


, (10)

where Es and νs respectively denote the Young’s modulus and Poisson’s ratio of the solid material. Using the
engineering Voigt notation, the strain and stress vectors are defined as

ε =
[
ε1 ε2 ε3 2ε4 2ε5 2ε6

]T
,

σ =
[
σ1 σ2 σ3 σ4 σ5 σ6

]T
.

(11)

Then, we can likewise obtain the contact pressure by an appropriate specification of the surface energy:

Ψs(uN) = IR+
(uN), (12)

−rN ∈ ∂uN
Ψs(uN), (13)

where ∂uN indicates the subdifferential with respect to uN and IC is the indicator function of a convex set C. As the
subdifferential of the indicator set of the positive real numbers is the normal cone to the positive reals NR+

, we may
also write the reaction force intensity as

−rN ∈ NR+
(uN), (14)

which can in turn be further simplified as a complementarity relation enforcing impenetrability:

0 ≤ rN ⊥ uN ≥ 0. (15)

2.3 Spatially discretised systems

We consider now a finite-dimensional model of the system, where we discretise the model using the classical finite
element method. We use Galerkin’s method, so that the shape and weight functions are identical, and proceed in the
standard fashion. While the method detailed in this paper can easily be generalised to higher order elements, here we
further specialise in assuming that the discretisation is done using isoparametric linear triangle (T3) or quadrilateral
(Q4) elements. These elements sufficiently balance accuracy and the size of the discrete system for our purposes.

Now, we denote our finite set of displacements u ∈ Rn, the external set of forces F ∈ Rn, and the structural
stiffness matrix assembled in the standard way as K ∈ Rn×n. This matrix will be symmetric and positive semi-
definite. We consider also a finite set of contact points that are indexed by α ∈ J1,mK, and we assume that the local
normal displacements at the contact (given by uN = {col(uα

N), α ∈ J1,mK}) can be related to the global displacement
with a linear relation given by

uN = −Bcu+ cN, (16)

where Bc ∈ Rm×n is a matrix that selects and interpolates the applicable degrees of freedom and cN ∈ Rm
+ is an initial

gap function. We can also construct a diagonal matrix S ∈ Rm×m that contains the tributary area of each contact
pressure. For the sake of notational simplicity, from here on we refer to the product of this tributary area with the
contact pressure as the contact force fα

c = SαrαN, which can be converted to a column vector f c in the same way as
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uN. As the components of S are all positive and finite, and there is no interaction between the different terms, the
complementarity relationship between rN and uN can be transferred to be between f c and uN. Finally, this gives the
spatially-discretised system 

Ku = F −B⊤
c f c,

uN = −Bcu+ cN,

0 ≤ uN ⊥ f c ≥ 0,

(17)

where the inequalities and complementarity are to be understood component-wise.

2.4 Periodic boundary conditions

In this work, the structure that we have discretised with the finite element is in fact the microstructure of the
RVE of a porous material, in order to obtain its average macroscopic poromechanical properties. The Hill–Mandel
principle of macro-homogeneity [71, 72] establishes a fundamental connection between macroscopic and microscopic
deformation and stress. It states that the variation of work at a macroscopic point must equal the volume average of
the microscopic work variation within the RVE. This principle also imposes constraints on the boundary conditions
used in RVE simulations: either prescribed displacements, prescribed tractions, or periodic boundary conditions.
Among these, periodic boundary conditions generally yield the most accurate homogenised properties [73, 74, 75, 76].
To impose periodic boundaries, displacement differences between corresponding boundaries are constrained. For the
sake of clarity, the body Ω with boundary Γ that we have previously considered is merely the solid part of the
microstructure. We can also treat the entire system (inclusive of the voids) as a body with a boundary for the
purposes of homogenisation. To this end, we use the symbol V to refer to the RVE in its entirety, and its boundary
as ∂V . While Ω is completely contained in V , only the Dirichlet and Neumann parts of Γ are necessarily contained in
∂V , and in general the “internal” boundaries on which the contact problem is solved will not belong to ∂V .

The RVE boundary ∂V is decomposed into two parts: a positive part ∂V + and a negative part ∂V −, satisfying
∂V + ∪ ∂V − = ∂V , ∂V + ∩ ∂V − = ∅, with the outward normal n+ = −n− at conjugate points x+ ∈ ∂V + and
x− ∈ ∂V −. This enforces periodicity of displacement fluctuations and antiperiodicity of tractions, as{

u(x+)− u(x−) = ε̄∆x, ∀x+ ∈ ∂V + and matching x− ∈ ∂V −,

σ(x+) · n+ = −σ(x−) · n−, ∀x+ ∈ ∂V + and matching x− ∈ ∂V −.
(18)

where ∆x denotes the periodic length of RVE and ε̄ is the macroscopic strain.

2.5 Perturbation method for macroscopic stiffness matrix

Here we use plane strain conditions to approximate a 3D material that is invariant and infinitely extended in the
2-direction. We want to determine the macroscopic incremental (tangent) effective properties of the RVE, so in two
dimensions and under plane strain conditions in direction 2 the following constitutive relation holds:

σ1

σ2

σ3

σ6

 =


D11 D12 D13 D16

D21 D22 D23 D26

D31 D32 D33 D36

D61 D62 D63 D66



ε1
0
ε3
2ε6

 , (19)

where σi and εi denote the stress and strain tensor components, respectively.
If the behaviour of the RVE is isotropic or transversely isotropic with respect to direction 2, the parameters D61,

D62, D63 and D16, D26 and D36 remain zero. Otherwise, these parameters acquire nonzero values, especially in
shear displacement. To determine the components of D, we apply the perturbation method [66, 77], in which small
perturbations are applied separately in horizontal, vertical, and shear displacements, and the corresponding stress
variations δσ are computed for each perturbation direction. The average stress change is then obtained as

δσ =

∫
V
δσGauss dV∫

V
dV

, (20)

where δσ represents the stress change of Gauss points in the volume V due to small displacement perturbations and
σGauss represents the stress state measured at a Gauss point.

In two dimensional plane strain conditions, the incremental tangent modulus and Poisson’s ratio in the x2-direction
are functions of the mechanical properties of the solid matrix and porosity n [66, 73, 69], i.e.

E2 = (1− n)Es, (21)

ν21 = ν23 = νs. (22)
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Accordingly, the Young’s modulus in the x1- and x3-directions, E1 and E3, shear modulus G13 and Poisson’s ratio ν13
can be expressed using the calculated stiffness parameters Dij [66], i.e.

E1 =

(
D11

D31

)2
−
(

D13

D33

)2
1

D31

(
D11

D31
+ νs

2

E2

[(
D11

D31

)2
− 1

])
+ 1

D33

(
1 + νs

2

E2

[
1−

(
D13

D33

)2]) , (23)

E3 =

(
D33

D13

)2
−
(

D31

D11

)2
1

D11

(
1 + νs

2

E2

[
1−

(
D31

D11

)2])
+ 1

D31

(
D33

D13
+ νs

2

E2

[(
D33

D13

)2
− 1

]) , (24)

and

ν13 =
D13

D33
− E1νs

2

E2

(
D13

D33
+ 1

)
, (25)

G13 = D66. (26)

By incorporating these into the stiffness matrix formulation, we obtain

D13 = D31, (27)

D23 = D32, (28)
ν13
E1

=
ν31
E3

, (29)

ν23
E2

=
ν32
E3

. (30)

Thus, the last unknown parameter in the stiffness matrix, D22, is determined [68]:

D22 =
E2

2E3(E1 − ν13
2E3)

E1E2E3 − E1
2E2νs2 − ν132E2E3

2 − E1E3
2νs2 − 2E1E3

2ν13νs2
. (31)

In addition to the classical elastic properties of the homogenised material, we are also interested in obtaining an
estimate of the Biot coefficients in each direction of the material, which are given by [68]:

b1 = 1− D11 +D12 +D13

3Ks
, (32)

b2 = 1− D12 +D22 +D23

3Ks
, (33)

b3 = 1− D13 +D23 +D33

3Ks
, (34)

where Ks is the bulk modulus of the solid phase, i.e. Ks =
Es

3(1−2νs)
.

3 Numerical solution

Having obtained an analytical description of the spatially-discretised but time-continuous system, we now turn to the
load-stepping discretised system and its numerical resolution. We first describe the pre-processing of the system that
allows the spatially discrete system to be imported and correctly interpreted by the numerical simulator. We then
describe the load-stepping scheme and the contact detection and classification algorithm, leading to the formulation
of the fully discretised system as a linear complementarity problem. We prove that this problem has solutions, and
provide the condition under which the solution is unique. The central computational problem in solid contact analysis
lies in the presence of two unknowns (uN and fc) where at least one variable must vanish at each contact point. To
overcome these limitations, we then describe the algorithm developed to provide a fast approximation of the solution
of this system. Finally, we describe the numerical resolution of the perturbation problem. The entire numerical
solution process is integrated into an in-house simulator, with the iterative workflow illustrated in Figure 2. The
simulation codes, written in Fortran 90, were run on Windows 10/11 and compiled with the Intel Fortran Compiler
2024.2 (IFORT, oneAPI HPC Toolkit).
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Figure 2: FEM workflow for micromechanical deformation analysis with consideration of solid contact resolution and
automated stiffness matrix updating.

3.1 Pre-processing

In order to efficiently carry out the simulations, we first pre-process the system. The mesh is generated either using
the commercial Gambit software or with the Python toolbox Nanomesh [78] and then converted to Gambit format
with an in-house developed script. The generated Gambit neutral files are directly read in by our code. However,
nothing about our method requires use of this particular meshing software, so any suitable software that produces
conforming meshes can easily be substituted.

Then, we analyse the system to identify which elements lie on the pore surface and thus are able to be in contact
with each other. We loop through each edge in the mesh, and if that edge is present only in one element, we identify
it as a possible contact surface. Then, for all of the contact surfaces, we construct an adjacency list that records which
other surface nodes it is directly connected to by a boundary edge. Finally, all nodes that are directly connected
through boundary edges are assigned to a contact group, and members of each group can only (potentially) be in
contact with other members of the same group. This ensures that no computational resources are expended checking
contact conditions on pairs of contact surfaces that belong to different pores.

Finally, the structural stiffness matrix K is generated by assembling the element stiffness matrices following the
standard finite element methodology. The structural stiffness matrix is then modified in the standard way to impose the
Dirichlet boundary conditions (making the matrix positive definite), and we may obtain the final LCP by calculating
the modified compliance matrix by inversion of the modified stiffness matrix. In practice we do not actually invert
the matrix and instead we obtain the LU decomposition, and each inverted stiffness matrix K−1 (or any other matrix
inverse) that appears below should be understood to actually be the LU decomposition acting on the appropriate
terms.
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3.2 Initial iteration

The problem is formulated in a quasi-static setting and solved incrementally using a load-stepping procedure. The
increment counter is denoted by k ∈ N, and the corresponding pseudo-time is denoted by tk. The displacement field
and external force vector at step k are denoted by uk and F k, respectively. A backward-Euler-type incremental update
is employed in the sense of load progression, that is∫ tk+1

tk

a(t) dt ≈ ∆ta(tk+1), (35)

where a(t) represents some arbitrary variable. We begin the process of updating the system by updating the external
force vector F k+1, using the user-defined load increments. Any force contributions of elements lying on Neumann
boundaries are obtained, and then all of the element contributions are assembled into the global force vector. The
force vector is then modified in the standard way to impose the Dirichlet boundary conditions at tk+1. We then
calculate the trial displacement assuming no contacts, which gives the first internal iterate of the system:

u1 = K−1F k+1, (36)

From this point, we may pass to the detection and classification of contacts.

3.3 Contact detection and classification

3.3.1 Contact detection

Once the first internal iterate has been obtained, we use this virtual geometry as the system configuration on which
the contact detection operates. We implement Algorithm 1 to check for the presence of contacts.

Algorithm 1 Contact detection algorithm with displacement scaling and boundary-surface verification

Require: contact groups, x0, u1, total scaling steps n
for group ∈ contact groups do ▷ Check each possible contact group separately

for Ele1 ∈ group do
for Ele2 ∈ group\elements<Ele1 do ▷ Check each element pair only once

contactEle12 ← FALSE ▷ Assume no contact
for i = n to 1 do ▷ Progressive displacement scaling

ū1
i ← i

n
u1

for node1 ∈ contact surface of Ele1 do
for node2 ∈ contact surface of Ele2 do ▷ Check each node pair

uN,node1node2 ← (x0
node1 + ū1

i,node1)− (x0
node2 + ū1

i,node2)
if uN ≤ 0 then

in12 ← any part of Ele1 boundary lies inside Ele2
in21 ← any part of Ele2 boundary lies inside Ele1
if in12 = TRUE and in21 = TRUE then

contactEle12 ← TRUE ▷ Contact detected
break

end if
end if

end for
if contactEle12 = TRUE then

break
end if

end for
if contactEle12 = TRUE then

break
end if

end for
end for

end for
end for
return List of element pairs for which contactEle12 is TRUE

This algorithm loops through the elements in each contact group, then loops again through the elements with
a higher element number in the same contact group (ensuring that a given pair of elements is checked only once),
then checks each pair of nodes in these elements (in12 and in21) to determine if the “contactEle12” (contact between
Ele1 and Ele2) is satisfied, when the normal gap function (16) is negative. However, during the detection of con-
tacts, only potential boundary elements are assessed, excluding internal elements. Excessive displacements may cause
over-penetration of contact boundaries, as shown in Figure 3(a). In this example, Element 1 undergoes calculated
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deformation in the initial step and penetrates through Boundary Element 2 to contact Internal Element 3, which is
not evaluated by the detection routine. In reality, Element 1 should first establish contact with Element 2. Con-
sequently, some potential contact pairs may be missed. To mitigate against this, geometric overlap is re-evaluated by
progressively scaling displacements from the updated virtual configuration back to the initial state, given by

ū1
i =

i

n
u1, (37)

where i ∈ {1, 2, . . . , n} and n indicates the total scaling steps. This operation is applied to all element pairs for which
contact is not detected in the initial virtual geometry. Then, for each i considered, contacts are checked again. This
operation is repeated until all element pairs in the same boundary group have been checked, and then repeated for
each boundary group until the contacts are fully characterised. Contact groups are identified if overlap occurs at any
scaled configuration.

Over contact
(Displacement modification)

2

Cross contact
(Overlap boundary modification)

(a) (b)

1
3

1
2 3

Figure 3: Displacement modification for (a) over contact and (b) overlap boundary modification for cross contact in
solid contact group recognition. Blue lines describe the contact edges. Elements 1 and 2 represent the physically
consistent contact boundary elements, while element 3 denotes a falsely identified contact element. The simulation
results indicate an incorrect detection of contact between elements 1 and 3, whereas the physically correct contact
should occur between elements 1 and 2.

Additionally, even if two boundary elements are found to overlap, direct contact is only confirmed if their surfaces
actually interact, as shown in Figure 3(b). In this case, Element 1 overlaps with Element 3 by passing through the
intermediate Boundary Element 2. However, the true contact should occur between Element 1 and Element 2, not
Element 3. Therefore, contact is considered established when parts of the boundary surfaces of both interacting
elements are simultaneously located within the contact region, indicating a partial overlap. If the apparent overlap
involves only one element’s boundary, the pair is treated as cross contact and non-contacting. If no contacts are
detected for all values of i, there are no contacts in that loading step and u1 is accepted as the solution. If contacts
are detected, we then proceed to §3.3.2. In such cases, the loading step ∆t is adaptively reduced to enhance the
resolution of incremental strain, stress, and displacement changes, allowing accurate identification of the transition
from non-contact to contact states while minimising numerical errors. Therefore, different initial loading steps are
assigned to the pre-contact and post-contact phases. Before contact occurs, a relatively large initial loading step is
used to accelerate convergence. Once the first contact is detected, the loading step is automatically reduced according
to user-defined parameters (by default, it is reduced to one-tenth of the initial value). This adaptive reduction ensures
smooth transition between loading stages and prevents over-penetration. After the first contact is established, the
maximum allowable loading step is also reset, providing tighter control on subsequent deformation increments.

3.3.2 Contact classification

We apply a surface-to-surface contact scheme where we assume that the contacting surfaces of two elements are parallel
at the moment of contact, but are not necessarily aligned node-to-node. We assume a constant distribution of pressure
along the contacting surfaces and apply a set of characterisation rules to appropriately allocate the contact forces
to the nodes in the problem. For a pair of contacting elements identified by Algorithm 1, which possess contacting
surfaces of length ℓ and ℓ′ with ℓ′ ≤ ℓ, the length of the overlapping part of the surfaces is given by b and the distance
from the node of the contacting surface with length ℓ to the edge of the overlapping region is given by a, as shown in
the subfigures in Figure 4. The surface normals and the initial gap functions are evaluated from the geometry of the
previous loading step. The element associated with the contacting surface of length ℓ is assigned the outward-pointing
normal vector n, while its counterpart with surface length ℓ′ is assigned the opposite normal vector −n. We construct
a contact interpolation and selection matrix Bc ∈ Rm×n where m is the number of element contact pairs identified by
Algorithm 1. We consider one contact problem per element contact pair. The contact type is determined based on the
number of boundary nodes of one element that lie inside the other element, and the contact selection and interpolation
matrix is constructed accordingly, as summarised in Figure 4.
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Figure 4: The contact selection and interpolation matrix construction rules. Blue lines describe the contact edges.
Bc,1 and Bc,2 should be understood to refer to the entries that correspond to the appropriate row for the given contact
pair, and to the appropriate columns for the node under consideration.

The Bc,1 and Bc,2 entries of the ℓ element and ℓ′ element are then assembled into the appropriate row of the
contact selection and interpolation matrix Bc. The remaining entries in that row are set to zero. The normal contact
distance vector cN,k at loading step k is then obtained by taking the average normal distance of the corresponding
pairs of nodes belonging to the contacting surfaces of each contact pair.

3.4 Contact problem formulation

Having completed the contact detection and classification step, we have all of the necessary information to construct
the contact problem at loading step k+ 1. The normal contact distance is given by

uN,k+1 = −Bcuk+1 + cN,k. (38)

The global discrete force equilibrium equation is given by

Kuk+1 = F k+1 −B⊤
c f c,k+1, (39)

where f c,k+1 is the contact force between a pair of contacting elements, and the contact distance and contact force
respect the linear complementarity condition

0 ≤ uN,k+1 ⊥ f c,k+1 ≥ 0, (40)

where the complementarity should be understood to act pair-wise (that is the i-th entry of uN,k+1 is in complementarity
with the i-th entry of f c,k+1). Straightforward re-arrangement and combination of (38), (39) and (40) gives the system{

uN,k+1 = BcK
−1B⊤

c f c,k+1 −BcK
−1F k+1 + cN,k,

0 ≤ uN,k+1 ⊥ f c,k+1 ≥ 0.
(41)

For reasons of clarity and compactness we denote the quantityBcK
−1B⊤

c asW , and the quantity−BcK
−1F k+1+cN,k

as q. The W is often referred to in contact mechanics as the Delassus matrix [79]. We refer to (41) compactly as
LCP(W , q).

3.4.1 Well-posedness of the linear complementarity problem

Lemma 1. The LCP(W , q) possesses at least one solution.

Proof First, we must show that W is at least positive semi-definite. We have that the structural stiffness matrix
K is symmetric by construction, and the modifications made to impose the Dirichlet boundary conditions change it
from positive semi-definite to positive definite, without modifying the symmetry, and this property necessarily holds
for its inverse. Any matrix product of the form ABA⊤ is at least positive semi-definite if B is positive definite. As
this is exactly the structure of W with respect to Bc and K−1, we have that W is at least positive semi-definite.
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From Theorem 3.1.2 in [80], if the LCP(W , q) with a positive semi-definite W is feasible, it is also solvable. The
feasibility conditions are that Wf c,k+1 + q ≥ 0 and uN,k+1 ≥ 0. We may consider a convex quadratic program given
by

minimise
fc,k+1

1

2
f⊤
c,k+1Wf c,k+1 + f⊤

c,k+1q,

subject to f c,k+1 ≥ 0.

(42)

A solution of (42) exists and satisfies the optimality conditions u⋆
N,k+1 = Wf⋆

c,k+1+q ≥ 0, f⋆
c,k+1 ≥ 0, u⋆

N,k+1
⊤f⋆

c,k+1 =
0, that is to say that a feasible point exists, and therefore so does a solution.

Lemma 2. The LCP(W , q) has a unique solution for cN,k > 0.

Proof We denote the set of solutions of LCP(W , q) by SOL(W , q), which by Theorem 3.1.7 of [80] is a polyhedral
set when W is positive semi-definite. This solution set is explicitly given by

SOL(W , q) =
{
f c,k+1

∣∣f c,k+1 ≥ 0,Wf c,k+1 + q ≥ 0, q⊤(f c,k+1 − f̄ c,k+1) = 0,W (f c,k+1 − f̄ c,k+1) = 0
}
, (43)

where f̄ c,k+1 is an arbitrary solution. The final condition W (f c,k+1 − f̄ c,k+1) = 0 gives us uN,k+1 − ūN,k+1 =

W (f c,k+1 − f̄ c,k+1) = 0 from which we can immediately conclude that uN,k+1 is unique. We also conclude that

f c,k+1 − f̄ c,k+1 is in the kernel of W and thus also of B⊤
c , so we obtain that B⊤

c (f c,k+1 − f̄ c,k+1) = 0. Then, from
the second condition of (43), we have(

−BcK
−1F k+1 + cN,k

)⊤
(f c,k+1 − f̄ c,k+1) = 0. (44)

Then we can rearrange this to(
−K−1F k+1

)⊤
B⊤

c (f c,k+1 − f̄ c,k+1) + c⊤N,k(f c,k+1 − f̄ c,k+1) = 0. (45)

The first member of the left hand side is zero as B⊤
c (f c,k+1 − f̄ c,k+1) = 0. We are left with c⊤N,k(f c,k+1 − f̄ c,k+1) = 0,

which implies that f c,k+1 is unique when cN,k > 0.

3.4.2 Numerical resolution of the linear complementarity problem

It is worth remarking that the above proof only demonstrates well-posedness for systems with cN,k > 0, that is to say
systems that start a loading step with all contacts open. If a contact closes at the end of a loading step, for the next
loading step we may only conclude that solutions exist, and nothing about their uniqueness. This is a well-known
feature of quasi-static contact mechanics [79], however it is not of particular concern to us as the non-uniqueness is in
the contact forces f c, rather than the contact normal displacements uN, which are the primary variable that we are
concerned with for the purposes of our numerical homogenisation method.

In general, there are many solution methods to resolve linear complementarity problems. Of particular note is
Lemke’s algorithm [38, 39], which is guaranteed to find a solution should one exist (and we have demonstrated that
solutions always exist for our system, so this algorithm will always find one). However, this algorithm (and other classic
algorithms for the linear complementarity problem such as the projected Gauss–Seidel method [81]) are generally quite
slow. The FA-LCP method presented in this paper is developed with an eye towards its future implementation in
the context of multiscale finite element simulations (simulations where the classical constitutive law at a quadrature
point of the “macro-scale” finite element model is replaced with the homogenised results of a simulation conducted
at the “micro-scale”), wherein many thousands of finite element simulations need to be completed rapidly to obtain
macro-scale results in a timely manner. As such, we present a fast method of approximating the solution of the linear
complementarity problem that gives us tolerable accuracy at sufficient speed.
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Algorithm 2 Iterative solution procedure for the contact problem.

Require: K, Bc, F k+1, cN,k, tolerance η = 10−7, maximum iterations jmax = 10
uj ← u1, fc,k+1 ← 0, j ← 0

Detect active contact pairs Nc by Algorithm 1 based on u1

repeat
Y f ←KsY f = F k+1 −B⊤

c fc,k+1 ▷ Solved with LU factorisation
cf = BcY f

Y ←KY = B⊤
c ▷ Solved with LU factorisation

W = BcY
f j

c ←Wf j
c = cf − cN ▷ Determine contact force increment

f j
c ← max(0,f j

c) ▷ Enforce non-negative contact forces
uj

N ←Kuj
N = B⊤

c f
j
c ▷ Compute displacement correction

fc,k+1 ← fc,k+1 + f j
c ▷ Update accumulated contact force

uN,k+1 ← uN,k+1 + uj
N ▷ Update displacement field

e← max
j
|uj

N|
if e < η then

break ▷ Convergent condition
end if
Detect the active contact pairs based on uN,k+1

j ← j + 1
until the active contact set is unchanged or j = jmax ▷ Convergence condition
if j = jmax then

∆t← ∆t/2 and restart the current time step
end if

return fc,k+1, uN,k+1

Using the displacement field obtained from the initial iteration (Section 3.2), the proposed iterative contact al-
gorithm first identifies all active contact pairs and assembles (41) as a linear system before iteratively solving the
system and updating the contact constraints. The overall computational workflow is illustrated in Fig. 2. Within this
workflow, the assembled linear system is solved using the procedure detailed in Algorithm 2. After initialising the
system, the algorithm first solves the linear form of (41), that is solved to obtain the values of f c,k+1 coherent with

uN,k+1 = 0. This is achieved by solving a sequence of linear systems, rather than explicitly forming K−1, which would
be computationally prohibitive and numerically unstable for large-scale problems. At each iteration, the linearised
equations are solved using an LU decomposition (specifically the Pardiso parallel sparse direct solver [82]). Then, as
this can potentially result in negative f c,k+1 (that is to say, tensile contact forces that do not respect the complement-
arity condition), the subsequent line projects the contact forces back onto the positive orthant. At the same time, the
contact displacements are updated iteratively to satisfy the complementarity condition. Using these results, a new
value of the global contact force for each node Bcf c,k+1 is obtained, from which the updated global displacements are
calculated based on (17) and subsequently used for contact re-detection. This procedure is repeated until either (i) the
active contact set remains unchanged between two successive iterations (including no contact in the initial iteration)
or (ii) the maximum displacement correction from the current iteration step is less than 10−7 mm. If convergence is
not achieved within the prescribed maximum number of contact iterations (10 in the present study), the current time
step is reduced by half, and the contact iteration is restarted.

3.5 Periodic problem

In order to enforce periodic boundary conditions, the RVE boundary must be discretised using a mapped node
formulation [73]. Each mapped node pair consists of a node on the negative boundary ∂V − and its counterpart on
the positive boundary ∂V +. Consequently, the displacement vector uk+1 in (39) is partitioned into three components
[73]: internal displacements uk+1

int , positive boundary displacements uk+1
+ , and negative boundary displacements uk+1

− ,
i.e.

uk+1 =

uk+1
int

uk+1
+

uk+1
−

 , (46)

where we have moved the k+ 1 to the superscript position for the sake of legibility. According to (18), the displacements
of the paired positive and negative boundary satisfy

uk+1,j
+ = uk+1,j

− + ε̄ (xk+1,j
+ − xk+1,j

− ), j ∈ {1, 2, . . . , p} (47)

where p represents the number of mapping node pairs belonging to the positive and negative boundaries. Therefore,
(47) can be restated as

uk+1
+ = uk+1

− + gk+1, (48)
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where gk+1 is calculated from the macroscopic strain tensor ε̄, i.e. gk+1 = ε̄∆xk+1 as shown in (18).
Accordingly, (39) can be restated by dividing the stiffness matrix K, external force vector F k+1 and contact force

f c,k+1 into the form [73] K int,int K int,+ K int,−
K+,int K+,+ K+,−
K−,int K−,+ K−,−


uk+1

int

uk+1
+

uk+1
−

 =

F k+1
int + f c,k+1

int

F k+1
+ + f c,k+1

+

F k+1
− + f c,k+1

−

 . (49)

Substituting (48) into (49), uk+1
+ terms are replaced by uk+1

− and gk+1, yielding [73]

[
K int,int K int,+ +K int,−

K+,int +K−,int K+,+ +K+,− +K−,+ +K−,−

][
uk+1
int

uk+1
−

]

=

[
F int + f c,k+1

int −K int,+g
k+1

F+ + f c,k+1
+ + F− + f c,k+1

− − (K+,+ +K−,+)g
k+1

]
. (50)

This formulation systematically reduces the number of unknowns, enhancing computational efficiency while preserving
kinematic constraints. The resulting linear system is also solved using the Pardiso parallel sparse direct solver (LU
decomposition) [82].

3.6 Perturbation method solution

In the workflow of Figure 2, four computational phases are executed within each loading step. First, the displacement
is simulated to update geometric configurations and stresses. The resulting configuration is then treated as fixed for
the subsequent homogenisation step. In practice, the periodicity vectors are evaluated using the nodal positions of the
updated configuration at step k, which are treated as known quantities during the solution at step k+ 1. Subsequent
phases apply perturbation displacements (horizontal, vertical, and shear) to the updated geometry, assembling the
configuration-dependent piecewise stiffness matrix D through the perturbation method. The perturbation magnitude
is prescribed as 10−8∆x, where ∆x denotes the characteristic model length, ensuring that the perturbation is suffi-
ciently small to preserve the current contact configuration while providing an accurate numerical evaluation of the
homogenised stiffness matrix. This enables automated updates of mechanical properties and stiffness matrices during
deformation. Boundary conditions for perturbations are automatically detected based on initial configurations, as
shown in Algorithm 3. Based on the input file, the top, bottom, right, and left boundaries, i.e., Bt, Bb, Br and
Bl are respectively automatically defined. Accurate detection requires a rectangular, axis-aligned domain, with all
boundary nodes positioned precisely (within a specified tolerance) on their corresponding edges. Node mapping is one-
dimensional, ensuring a consistent top-to-bottom and right-to-left correspondence. Positive designations are assigned
to the top and right boundaries and negative designations to the bottom and left boundaries, with mapping points
automatically identified. Small horizontal displacement differences are applied to the right boundary and its corres-
ponding mapping points in the second computational phase, while small vertical displacement differences are applied
to the top boundary and its mapping points in the third computational phase. To induce shear strain, horizontal and
vertical displacement perturbations are applied to the top and right boundaries in the fourth computational phase,
respectively. Under the periodic boundary conditions used for stiffness matrix calculations, the total number of nodal
variables and linear equations during Newton iteration is determined. Throughout the deformation process, boundary
conditions, mapping points, and the equation system for different displacement perturbations remain consistent.
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Algorithm 3 Automated boundary condition recognition algorithm

Require: Initial geometry configuration x|t0 , node coordinates
xmin
1 ← min

i
(xi

1|t0), xmax
1 ← max

i
(xi

1|t0) ▷ Identify domain extents

xmin
3 ← min

i
(xi

3|t0), xmax
3 ← max

i
(xi

3|t0)
η1 ← 10−8(xmax

1 − xmin
1 ), η3 ← 10−8(xmax

3 − xmin
3 ) ▷ Define boundary tolerance

for each node i with coordinates (xi
1, x

i
3) do ▷ Classify boundary nodes

if |xi
3 − xmax

3 | < η3 then
Bt ← Bt ∪ node i ▷ Add node to top boundary set

else if |xi
3 − xmin

3 | < η3 then
Bb ← Bb ∪ node i ▷ Add node to bottom boundary set

end if
if |xi

1 − xmax
1 | < η1 then

Br ← Br ∪ node i ▷ Add node to right boundary set
else if |xi

1 − xmin
1 | < η1 then

Bl ← Bl ∪ node i ▷ Add node to left boundary set
end if

end for
Assign positive designation to Bt and Br

Assign negative designation to Bb and Bl

for each node i ∈ Bt do
j ← argmin

j∈Bb

|xi
1 − xj

1| ▷ Identify top-to-bottom mapping points

Record mapping relationship i↔ j
Mtb ←Mtb ∪ {(i, j)}

end for
for each node i ∈ Br do

j ← argmin
j∈Bl

|xi
3 − xj

3| ▷ Identify right-to-left mapping points

Record mapping relationship i↔ j
Mrl ←Mrl ∪ {(i, j)}

end for
pass← true
if |Bt| = 0 or |Bb| = 0 or |Br| = 0 or |Bl| = 0 then

pass← false
end if
if |Bt| ≠ |Bb| or |Br| ≠ |Bl| then

pass← false
end if
Check that all matches in Mtb and Mrl are unique
if any node in any boundary has no mapping nodes then

pass← false
end if
if not pass then

η1 ← 10 η1, η3 ← 10 η3, and repeat classification
if η1 > 10−3(xmax

1 − xmin
1 ) or η3 > 10−3(xmax

3 − xmin
3 ) then

Terminate with failure: boundary recognition tolerance exceeded.
end if

end if
return Bt, Bb, Br, Bl and mapping sets Mtb, Mrl

4 Numerical simulations

In this section, we first conduct several simulations on simplified geometries to ensure that the contact solution and
perturbation methods function as expected. We then consider two case studies, firstly a single-pore case for which
analytical solutions exist to compare our results against, and secondly a multi-pore case in which we demonstrate the
ability of our method to obtain homogenised equivalent incremental (tangent) effective properties for geometries in
which no analytical solution is known.

4.1 Model validation

To validate the accuracy of the solid contact model, a solid contact test is simulated, as shown in Figure 5(a). Two
separate solids subjected to vertical normal stress σ3 are analysed, to simulate contact-induced internal vertical stress
distributions. The test is conducted using matching elements (with aligned nodes across the contact surface) in
Figure 5(b) and mismatching elements (where nodes do not in general align across the contact surface) in Figure 5(c)
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while applying different vertical stress boundary conditions. The results demonstrate that the internal vertical stress
computed by the simulator in Figure 2 aligns with the applied stress boundary conditions across the different models.
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Figure 5: (a) Solid contact verification model with comparative analysis of (b) vertical stress distribution using
matching elements across different solid parts and (c) vertical stress distribution using mismatching elements for
different solid parts.
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Figure 6: Square solid model (L = 0.01 m, Es = 54.2 GPa and νs = 0.163 m) undergoing continuous deformations
with displacement perturbation methodology for updated stiffness matrix calculation.

In order to further verify the updated stiffness matrix obtained via the perturbation method, a simple square solid
model with side length of 10 mm, incremental tangent Young’s modulus Es = 54.2 GPa, and Poisson’s ratio νs = 0.163
is simulated. The verification procedure consists of two steps, as shown in Figure 6. First, prescribed displacements
are applied to the model, leading to a modified configuration. Then, based on the updated configuration, small
displacement perturbations are introduced to generate small additional strains and compute the updated stiffness
matrix. It should be noted that a single displacement perturbation does not necessarily correspond to a single strain
component, since shear displacements may induce asymmetry in the model. However, the numerical results show that
the stiffness matrix remains symmetric under displacements in different directions. The computed stiffness components
are D11 = D33 = 57.9 GPa, D21 = D31 = D13 = D23 = 11.3 GPa, D66 = 23.3 GPa and the other components are 0.
The calculated stiffness matrix is consistent with the isotropic elastic stiffness matrix derived directly from Es and νs,
validating the effectiveness of the perturbation method in updating mechanical properties.
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4.2 Single-pore case

The FA-LCP methodology developed in this paper is applied on a single-pore case study, examining how pore shape
and multidirectional displacement variations influence the piecewise stiffness matrix and poromechanical characteristics
of the porous material. The initial configuration of the model consists of a square with side length of L = 10 mm,
containing a centrally embedded ellipse characterised by semi-minor axis a and semi-major axis b. This configuration
ensures a symmetric initial model geometry where all finite elements possess positive volumes and the mesh is free
from distortion or non-physical inversion, as illustrated in Figure 7. Porosity is quantified as n = πab/L2, maintained
constant at n = 0.1 across all a and b values. Under the plane strain assumption, coordinate axes are defined with the
x1-axis and x3-axis representing horizontal and vertical directions, respectively, while the x2-axis is perpendicular to
the plane of analysis. The origin coincides with the geometric centre of the model. The pore aspect ratio R is defined
as R = a/b. The solid matrix exhibits elastic modulus Es = 54.2 GPa and Poisson’s ratio νs = 0.163. The domain is
discretised into a finite element mesh comprising 1796–3501 degrees of freedom.

L

L 2b
2a

x1
x3

Figure 7: The initial configuration of the model consisting of a square with side length of L = 10 mm and an ellipse
with minor semi-axis a and major semi-axis b.

4.2.1 Comparison with analytical solution

At the initial stage, in the absence of continuous deformations, anisotropic macroscopic material properties arise due
to the presence of elliptical pores. For the two-dimension plane-strain model, the incremental tangent directional
Young’s moduli E1 and E3, shear modulus G13 and Poisson’s ratio ν13 are analytically determined as functions of
porosity n and semi-axes a and b. In the constitutive relationship ε = Cσ where C is the elastic compliance matrix
(equivalent to D−1), we have [42, 83]

C11 =
1

Es1
+

πL2D

A
√
Es1

[(
a2 − b2

)
cos2 α+ b2 +

ab

L2D

√
Es1

]
, (51)

C13 = C31 = −νs13
Es1
− πab

A
√
Es1Es3

, (52)

C33 =
1

Es3
+

πL2D

A
√
Es3

[(
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)
cos2 α+ a2 +

ab

L2D

√
Es3

]
, (53)

C66 =
1

Gs13
+

πL2D

A
√
Es1Es3

[(
b2 − a2

)(√
Es3 −

√
Es1

)
cos2 α+ a2Es3 + b2

√
Es1 + abL2D

√
Es1Es3

]
, (54)

where

L2D =

√
1

Gs13
− 2νs13

Es1
+

2√
Es1Es3

, (55)

and Es1, Es3, Gs13 and νs13 denote the Young’s modulus in the x1 and x3 directions, shear modulus and Poisson’s
ratio of the solid matrix without pores, respectively. α denotes the angle between the major axis of the ellipse and
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the horizontal direction, while A represents the representative area of the whole volume. For an isotropic solid matrix
with zero pore orientation angle (α = 0), we obtain

E2D
1 =

Es

1 + n(1 + 2R)
, (56)

E2D
3 =

Es

1 + n
(
1 + 2

R

) , (57)

ν2D13 =
νs13E

2D
1

Es
+

nE2D
1

Es
, (58)

G2D
13 =

1
1

Gs13
+ 2n(a+b)2

Esab

, (59)

where the superscript 2D represents plane-strain adjustments. Specifically, these parameters are adjusted from their
three-dimensional counterparts by constraining the out-of-plane strain component to zero (ε2 = 0), which modifies
the stress–strain relationships and leads to the apparent stiffness change typical of plane-strain formulations.
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Figure 8: Comparison of (a) Young’s modulus in the x1 and x3 directions, shear modulus and (b) Poisson’s ratio
between the numerical solution and the analytical solution [83, 84].

Based on (57)–(59), the mechanical parameters can be derived under 2D plane-strain conditions. However, the
present model employs three-dimensional material parameters, making direct comparison between the 2D and 3D
formulations inconsistent. To establish a proper correspondence, the 2D plane-strain predictions are reconciled with
the 3D elasticity theory, ensuring that the effective in-plane mechanical responses under plane-strain conditions remain
consistent with those obtained from the full three-dimensional constitutive relations. Accordingly, the elastic constants
are modified following [83, 84]

E2D
1 =

E1

1− ν23ν32
, (60)

E2D
3 =

E3

1− ν21ν12
, (61)

ν2D13 =
ν13 + ν12ν23
1− ν23ν32

. (62)

Combining with (21), we obtain

E3 =
E2

2E2D
3 − E2D

2 E2D
3 E2νs

2

E2
2 − E2D

1 E2D
3 ν4s

, (63)
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E2D

1

(
E2 − E3νs

2
)

E2
, (64)

ν13 =
ν2D13
E2D

1

E1 −
νs

2

E2
E1. (65)

The analytical solution of the elastic constants is compared with the numerical results, as shown in Figure 8. It is
noted that for pore aspect ratios R > 0.2, the analytical and numerical solutions exhibit strong agreement, confirming
the validity of the numerical framework. However, discrepancies emerge for smaller R values (especially R = 0.15).
This deviation arises because the mesh quality deterioration and shape distortion arise with the small initial pore
aperture.

18



4.2.2 Comparison with existing LCP solution methods

As introduced above, several established and well-validated approaches have been developed for solving LCPs in solid
contact problems. In this study, two classical LCP solvers are implemented for comparison, both of which directly solve
(41) to obtain the optimal complementarity solution. The first approach is Lemke’s method [38, 39]. This method
introduces an artificial covering variable, performs an initial pivot to include the artificial variable in the basis, and
subsequently pivots complementary variable pairs until the artificial variable leaves the basis or no admissible pivot
can be identified. The second approach is the Projected Gauss-Seidel (PGS) solver for LCPs [81, 85]. The PGS
method solves the complementarity conditions sequentially by updating one component at a time while holding all
remaining components fixed. For the (i)-th contact degree of freedom, the unconstrained scalar update is obtained
from the local equation (uN,k+1,i=0) and subsequently projected onto the admissible set

(f c,k+1,i)← max

0,−

(
−BcK

−1F k+1 + cN,k

)
i
+
∑

j ̸=i(BcK
−1B⊤

c )ij(f c,k+1,j)

(BcK
−1B⊤

c )ii

 . (66)

During each sweep, newly computed values are immediately employed in subsequent updates according to the Gauss–
Seidel strategy. The iterative procedure is repeated until the prescribed convergence criterion is satisfied.

Both the Lemke and PGS algorithms were implemented via a direct Fortran 90 translation of the original C
algorithms found in Siconos [86]. We also implemented the semismooth Newton algorithm with a Fischer–Burmeister
reformulation of the complementarity condition [87, 88, 89], once again directly translating the algorithm from Siconos.
This algorithm would a priori be expected to be the most performant, however it consistently failed to converge, and
so we do not present any results using it in this paper.
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Figure 9: Comparison of different LCP solution methods for the solid contact problem in terms of (a-c) accumulated
CPU time for LCP solution (s), (d-f) instantaneous memory consumption, and peak memory usage (MB) of different
cases.

The computational performance of the different LCP solution strategies is compared in Figure 9, including the
accumulated CPU time required for LCP resolution, instantaneous memory consumption, and peak memory us-
age throughout the simulation. These metrics provide a comprehensive assessment of computational efficiency and
resource requirements. For consistency, all simulations are performed on a workstation equipped with an Intel®

Core™ i7-10750H CPU (6 cores, 12 threads, 2.60 GHz) and 16 GB RAM. Unless otherwise stated, all simulations
are executed using a single computational process under identical computational environments, mesh discretisations,
loading increment schemes, and convergence tolerance. Three representative compression cases are considered: a
single-pore configuration with (R = 0.2), characterised by a relatively fine mesh; a single-pore configuration with
(R = 0.8), employing a coarser discretisation; and a five-pore configuration representing a more complex contact
topology.

As shown in Figure 9, before contact, all three algorithms resolve the problem quasi-instantaneously. After contact,
the CPU time and memory usage increases for all three algorithms. However, the computational costs differ markedly
among the three approaches. The PGS solver exhibits the lowest computational efficiency, requiring substantially
more CPU time than Lemke’s algorithm. Specifically, the CPU time required by the PGS solver is approximately
3.1–16.6 times that of Lemke’s algorithm, whereas Lemke’s algorithm requires approximately 13.5–72.5 times the CPU
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time of the proposed FA-LCP method. Consequently, the proposed FA-LCP method reduces the computational cost
by approximately one order of magnitude compared with Lemke’s algorithm and by up to two orders of magnitude
compared with the PGS solver. The efficiency advantage becomes increasingly evident as the number of active contact
constraints grows during pore deformation and closure. Despite these significant differences in computational time,
all methods exhibit comparable memory requirements, with only minor variations observed in both instantaneous and
peak memory consumption.

The solution accuracy of the different approaches is evaluated using the maximum distance of the theoretical
contact group when completing pore closure (n = 0). The results indicate that all methods achieve nearly identical
levels of accuracy. For example, in the single-pore case with (R = 0.8), when the imposed displacement reaches 4.2
mm and the pore space is fully compressed, the maximum error obtained using the proposed FA-LCP approach is
approximately 4 × 10−7 mm, compared with approximately 6 × 10−7 mm for both Lemke’s algorithm and the PGS
solver. Here, the error is defined as the absolute separation distance between the theoretical contact pairs, which
should ideally be zero after complete contact is established. Furthermore, the residual error is primarily associated
with minor horizontal misalignment rather than physically significant normal penetration. These results demonstrate
that the proposed FA-LCP framework substantially accelerates the solution of contact-induced LCPs while preserving
the accuracy and robustness of the contact solution.

4.2.3 Stiffness matrix updating after deformation

Our framework is now applied to a simple single pore case to analyse multidirectional deformations in the model with
an initial pore aspect ratio R = 0.8, focusing on the evolving piecewise stiffness matrix and mechanical properties
in updated configurations. Three distinct loading scenarios are implemented so the geometric but not constitutive
nonlinearity is modeled. To satisfy the small-strain assumption, the mechanical properties are updated incrementally
after each loading step while maintaining the local strain below approximately 1%. First, horizontal compression
is imposed by prescribing a displacement increment on the lateral boundaries. The displacement rate is defined as
u1 = −1 × 10−2 mm per step prior to solid contact and u1 = −1 × 10−3 mm per step after contact initiation. The
right boundary is assigned a negative horizontal displacement, corresponding to compression of the representative
volume element (RVE), while vertical displacements on the boundaries are constrained to zero. Under this loading
condition, the pore progressively closes until solid contact develops between opposite pore surfaces, accompanied by
the evolution of internal contact stresses. Second, vertical compression is applied through prescribed displacement
increments on the top and bottom boundaries. The vertical displacement rate is specified as u3 = −1× 10−2 mm per
step before solid contact and u3 = −1× 10−3 mm per step after contact initiation. The top boundary is subjected to
negative vertical displacement, while horizontal displacements are constrained, thereby inducing macroscopic vertical
strain within the RVE. Third, shear deformation is generated by simultaneously applying tangential displacement
increments on all boundaries. Vertical displacements are prescribed on the left and right boundaries with rates of
u13 = 1×10−2 mm per step before solid contact and u13 = 1×10−3 mm per step after contact initiation. Concurrently,
horizontal displacements are imposed on the top and bottom boundaries with rates of u31 = 1 × 10−2 mm per step
before contact and u31 = 1× 10−3 mm per step after contact. This loading configuration produces macroscopic shear
displacement and shear strain within the porous structure.

After compressing and shearing the model over loading in different directions, the pore in the solid matrix is
compressed, resulting in a decrease in total porosity, as shown in Figure 10(a). The deformation behaviour exhibits
pronounced nonlinearity, primarily due to geometric effects as the pore shape changes. For the initial R = 0.8, the
porosity reduction under shear displacement initially lags behind that induced by horizontal and vertical displacements,
but then accelerates rapidly, reaching effectively zero at a cumulative displacement of u13 = 3.1 mm. Porosity reduction
under horizontal compression proceeds more slowly than under vertical compression, with pore closure occurring at
u1 = 4.6 mm versus u3 = 3.6 mm for the vertical loading. After solid contact, the porosity remains near to zero (fully
closed), confirming the consistency of the compaction behaviour.
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Figure 10: Evolution of (a) porosity, (b) horizontal normal stress σ1, vertical normal stress σ3, and shear stress σ6,
before contact, and (c) stress states after contact during progressive multidirectional compression loading.

During the compression process, the stress distribution evolves significantly, which can be divided into contactless
and contact stages, as shown in Figure 10(b–c). Due to the initial pore aspect ratio R = 0.8, vertical compression
reduces the pore aspect ratio, resulting in a more elongated pore shape, while horizontal compression initially increases
the aspect ratio, first leading to a more uniform pore shape and later an elongated pore along the vertical direction
with R > 1.0. Stress concentrations develop at the pore tips and the contacting surfaces, particularly in circumferential
directions, intensifying with increasing strain. Tensile stress concentration dominates near pore midlines in the cir-
cumferential direction, whereas compressive stress concentration prevails at pore tips in the circumferential direction.
Shear stress changes remain small compared to horizontal and vertical stresses. Post-contact, normal contact tractions
on the internal interfaces prevent the overlap of internal boundaries; however, their magnitudes remain minimal and
negligible relative to stresses within the solid matrix.

The evolving model configuration necessitates on-the-fly updates to the piecewise stiffness matrix and mechanical
properties in accordance with (51)–(54). Figure 11 illustrates the evolution of incremental tangent Young’s modulus
(E1 and E3), shear modulus (G13), Poisson’s ratio (ν13), and Biot coefficients (b1, b2, and b3) during multidirectional
loading. Under uniaxial compression, Young’s modulus decreases in the loading direction while increasing linearly in
the orthogonal direction. For instance, as the applied horizontal displacement u1 increases to 4.64 mm, E1 decreases
linearly from 44.22 GPa to 40.95 GPa, while E3 increases linearly from 48.8 GPa to 55.58 GPa, approximately reaching
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Es (54.2 GPa). When the applied vertical displacement u3 increases to 3.6 mm, E3 decreases linearly from 41.04 GPa
to 37.58 GPa, while E1 increases linearly from 44.28 GPa to 55.68 GPa (approximately Es). This directional trend
results from the geometric distortion of the elliptical pore. Compression reduces the effective load-bearing area along
the loading direction while simultaneously elongating the pore laterally, which stiffens the material in the orthogonal
direction. This trend is consistent with the analytical expression in (56)–(57), in which the incremental tangent
Young’s modulus depend on the pore aspect ratio R. As R increases, the modulus along the minor-axis direction
increases, whereas the modulus along the major-axis direction decreases. Following solid contact, the incremental
tangent Young’s moduli in different directions under horizontal or vertical compression progressively approach the
solid stiffness Es, particularly in the loading direction, where a pronounced jump increase is observed. In contrast,
shear loading leads to a reduction in the incremental tangent Young’s modulus in all directions before solid contact.
Under combined shear loading (simultaneous applied displacements of 3.1 mm on the right and left boundaries and
applied horizontal displacements of 3.1 mm on the top and bottom boundaries), both E1 and E3 decrease, from
44.22 GPa to 37.6 GPa and 41.05 GPa to 33.73 GPa, respectively. Post-contact, a further increase in displacement
to 3.4 mm reverses this trend, driving E1 and E3 up to 47.58 GPa and 47.11 GPa. Nevertheless, both moduli remain
lower than the stiffness of the intact solid, Es.
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Figure 11: Evolution of the effective system parameters under vertical, horizontal and shear deformations. (a) in-
cremental tangent Young’s modulus E1, (b) incremental tangent Young’s modulus E3, (c) incremental tangent shear
modulus G13, (d) incremental tangent Poisson’s ratio ν13, (e) incremental tangent Biot coefficient in different direction
b1, b2 and b3, and (f) Shear coupling moduli D16, D26 and D36.

As compression or shear displacement in different directions increases over loading, the incremental tangent shear
modulus G13 increases, while incremental tangent Poisson’s ratio ν13 decreases before solid contact. Horizontal com-
pression exerts the most significant influence, increasing G13 by 3.13 GPa until solid contact, compared to 2.30 GPa
under vertical compression and 0.22 GPa under shear displacement, with the growth rate accelerating over loading.
However, after solid contact and without considering friction, G13 exhibits an abrupt increase during different loading
form, approaching the solid shear modulus Gs during the compression process but reaching about 20.8 GPa during
shearing process which remains slightly lower than Gs.

The incremental tangent Poisson’s ratio ν13 exhibits inverse proportionality to displacement magnitude, with the
incremental tangent shear displacement causing the most pronounced reduction rate and vertical compression the
least, as shown in Figure 11(d). During pre-contact deformation, ν13 decreases by 0.026, 0.068, and 0.045 until solid
contact under horizontal, vertical, and shear displacements, respectively. Following contact existing, the evolution
of ν13 diverges depending on the loading mode. Under horizontal compression, ν13 exhibits an abrupt increase and
rapidly approaches the value under vertical loading, which is close to the solid Poisson’s ratio νs. In contrast, under
shear loading, ν13 overshoots νs immediately after solid contact and subsequently decreases as the contacting pore
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surfaces undergo rotational rearrangement and sliding while maintaining contact.
Biot coefficients demonstrate directionally dependent behaviour, as presented in Figure 11(e). The transverse

coefficient b2 (in the x2-direction) decreases monotonically across all loading modes. In contrast, the axial coefficients
b1 (in the x1-direction) and b3 (in the x3-direction) exhibit opposite responses. Uniaxial compression increases the
Biot coefficient in the loading direction while reducing it in the orthogonal direction, whereas shear loading elevates
both b1 and b3. Following solid contact, the Biot coefficients exhibit a pronounced abrupt decrease, particularly under
horizontal and vertical compression, where they progressively approach zero. These directional variations are inversely
correlated with the evolution of Young’s modulus, thereby underscoring the significance of elastic coupling effects on
the evolution of incremental (tangent) effective poroelastic properties. In addition, progressive shear displacement
induces a transition from a symmetric anisotropic configuration to an asymmetric state, as shown in Figure 10(b),
manifesting as non-zero shear-coupling stiffness coefficients D16, D26, and D36 in (19). These parameters, which
characterise normal–shear strain coupling effects that are important to accurately capture the constitutive behaviour
of geomaterials, remain zero during purely horizontal or vertical compression where model symmetry is preserved.
Figure 11(f) shows the evolution of these parameters, D16, D26, and D36, during shear displacement. They exhibit
near-linear increases from 0 to 6.85 GPa, 2.19 GPa, and 6.60 GPa, respectively, at a shear displacement of 3.1 mm.
Following internal boundary contact, D16, D26, and D36 exhibit pronounces jump decrease to less than 0.5 GPa.
This shear-induced coupling, typically neglected in conventional stiffness formulations, underscores the necessity of
constitutive models with nonlinear elasticity at the RVE scale for anisotropic media undergoing multidirectional
loading.

However, as observed, slight oscillations appear in the evolution of the piecewise stiffness parameters after solid
contact is established. This behaviour is mainly related to the numerical treatment of the contact constraints rather
than to any physical instability. Since W in (42) is symmetric positive semidefinite, the associated quadratic program-
ming problem is convex. Therefore, the exact LCP solution guarantees the uniqueness of the normal displacement uN.
Nevertheless, the corresponding contact force f c may not be unique when the solution lies on a nonsmooth part of the
feasible set, such as in situations involving nearly simultaneous multi-contact or transitions between active constraint
sets. In these cases, small perturbations in the active set identification or numerical tolerances may lead to slight
variations in the computed contact forces, which in turn induce minor oscillations in the tangent stiffness parameters.
We emphasise that these oscillations are purely numerical artefacts. In our simulations, the deviations remained below
the prescribed tolerance (generally less than 1× 10−4) within the numerical calculation workflow shown in Figure 2.
Moreover, these small discrepancies did not propagate to the macroscopic level and had a negligible influence on the
homogenised stress response.

4.3 Simple multi-pore case

The developed model and simulator are further applied to a two-dimensional square domain with side length L =
10 mm, in which multiple pores of random sizes and spatial distributions are embedded, as shown in Figure 12. The
initial porosity is defined as the area fraction n =

∑
(πr2i )/L

2, where ri denotes the radius of the i-th pore. The solid
skeleton is also assumed to be isotropic and linearly elastic, characterised by a Young’s modulus of Es = 54.2 GPa and
Poisson’s ratio νs = 0.163. The displacement loading scheme and periodic boundary conditions are implemented in
the same manner as in the single-pore case and then the piecewise stiffness properties are updated. This configuration
enables the simulation of pore–matrix interactions during progressive loading and provides a framework for examining
how staged pore contact influences the evolution of the global stiffness matrix and Biot coefficients. By subjecting
the model to vertical, horizontal, and shear displacements, the study captures not only the porosity-driven stiffening
process but also the anisotropic effects arising from sequential pore contact and closure.
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Figure 12: The initial configuration of the model consisting of multiple pores of random sizes and spatial distributions.
All dimensions are in units of millimetres.
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u3=2 mm u3=2.9 mm u3=3.67 mm u3=3.7 mm

u3=4.19 mm u3=4.21 mm u3=4.32 mm u3=5.07 mm

No contact 1st contact 2nd contact 3rd contact

4th contact 5th contact 6th contact Fully closed

(a)

u1=2 mm u1=3.2 mm u1=4 mm u1=4.1 mm

u1=4.4 mm u1=4.5 mm u1=4.8 mm u1=5.07 mm

No contact 1st contact 2nd contact 3rd contact

4th contact 5th contact 6th contact Fully closed

(b)

u13=2 mm u13=3 mm u13=3.11 mm u13=3.27 mm

u13=3.82 mm u13=4.68 mm u13=4.9 mm u13=5.23 mm

No contact 1st contact 2nd contact 3rd contact

4th contact 5th contact 6th contact Fully closed

(c)

Figure 13: Pore contact behaviour during progressive (a) vertical displacement, (b) horizontal displacement, and (c)
shear displacement.
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Figure 14: Evolution of (a) effective porosity,(b) incremental tangent Young’s modulus E1, (c) incremental tangent
Young’s modulus E3, (d) incremental tangent shear modulus G13, (e) incremental tangent Poisson’s ratio ν13, and
(f) incremental tangent Biot coefficient in different direction b1, b2 and b3, during progressive vertical, horizontal and
shear displacements.

Figure 13 and Figure 14 show the evolution process of different mechanical properties and pore contact beha-
viour under vertical, horizontal, and shear compression. The results reveal a strongly nonlinear and path-dependent
poromechanical evolution under these loading conditions. As external displacement increases, pores undergo a staged
transition from gradual flattening to localised pore wall contact and ultimately to full closure, as summarised in
Table 1.
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Loading mode 1st contact 2nd contact 3rd contact 4th contact
Vertical 2.9 3.67 3.7 4.19
Horizontal 3.2 4.0 4.1 4.4
Shearing 3.0 3.11 3.27 3.82
Loading mode 5th contact 6th contact Fully closed
Vertical 4.21 4.32 5.07
Horizontal 4.5 4.8 5.07
Shearing 4.68 4.9 5.23

Table 1: Corresponding displacement (mm) associated with progressive pore contact and complete closure under
different loading modes.

The transition between the different loading stages is governed by pore size and pore position, with smaller pores
closing earlier and larger pores closing later. For normal loading, pores closer to the loading axis (along the normal
direction of the applied load boundary) consistently initiate contact earlier, whereas for shear loading, pores closer
to the compressed angles initiate contact earlier while the middle pores close later. The effective porosity evolution
therefore follows a nonlinear trajectory, with an initial acceleration due to pore flattening, followed by a deceleration as
multiple pore contacts emerge, and finally a slow approach to zero porosity once the contact network saturates. This
staged contact sequence highlights that porosity alone is consistent with earlier findings in micromechanics; rather, the
connectivity and topology of the emerging contact skeleton exert a decisive influence on the macroscopic mechanical
response.

The staged contact mechanism influences the evolution of piecewise stiffness and poromechanical coefficients, with
responses differing markedly between normal (vertical and horizontal) compression and shear loading. These trends
are broadly consistent with those identified in the above single-pore case, though additional effects emerge from the
collective interactions among multiple pores. Specifically, before solid contact, the effective Young’s modulus in the
loading direction decreases continuously with displacement, whereas the modulus in the orthogonal direction increases
as pores are progressively flattened. This behaviour is due to the geometric evolution of pores and the corresponding
load transfer modes. For example, under vertical compression, the vertical dimension of pores shrinks, reducing the
solid thickness around pores available to sustain axial loads. As these load-bearing paths become thinner, deformation
is increasingly bending-dominated, leading to a rapid decline in vertical stiffness. Conversely, in the orthogonal
direction, pore flattening increases the continuous solid fraction, enhancing stretching resistance and thereby raising
the modulus. Once contacts occur, the increase in orthogonal stiffness becomes significantly attenuated, as the
strengthening mechanism reaches a saturation point close to Es. In contrast, the loading-direction stiffness increases
and eventually converges to a value comparable to that in the orthogonal direction. Specifically, each successive
staged contact of different pores induces a discrete jump in stiffness along the loading direction. In addition, shear
displacement before solid contact leads to a continuous decrease in the Young’s modulus in different directions. This
behaviour mirrors the single-pore case, but the effect is amplified in multi-pore systems. Under shear, pores deform
asymmetrically and undergo relative sliding, which disrupts load-bearing continuity across the matrix. Once solid
contact is formed, however, stress can be directly transmitted across contacting regions, resulting in a pronounced
increase in stiffness in all directions. However, because contact friction is neglected in the present model, the stiffness
cannot fully recover to that of the intact solid, even under conditions of complete pore contact.

The evolution of the incremental tangent shear modulus (G13) and Poisson’s ratio (ν13) under multidirectional
loading exhibits a distinct behaviour compared to the effective Young’s moduli. In any compression mode, G13

initially increases slowly as pores are progressively flattened, since oblique load-transfer paths within the solid skeleton
become more effective in sustaining shear resistance. Further, after staged pore contact, G13 increases markedly
and continues until full contact is achieved. This enhancement arises because contacting pore walls tend to rotate
relative to one another under shear loading; such rotational interactions intensify stress transmission across the contact
interfaces, thereby strengthening the shear response. The response of the incremental tangent Poisson’s ratio (ν13)
further highlights the anisotropic coupling. Under horizontal or vertical compression, ν13 decreases, especially in the
later loading, reflecting constrained orthogonal contraction and diminished transverse–longitudinal coupling due to
pore geometry. Once pore contacts are established, this trend reverses, and ν13 progressively approaches the solid
Poisson’s ratio νs as full contact is reached. The stiffening effect associated with solid contact is more pronounced
under horizontal compression than under vertical compression. In contrast, under shear compression, ν13 increases
rapidly upon contact formation but subsequently exhibits a slight decrease as rotational interactions and surface
sliding between contacting pore walls develop. Overall, these observations indicate a fundamental reorganisation of
load-transfer mechanisms, shifting from a skeleton-controlled regime to one dominated by the pore-contact network,
consistent with the trends identified in the single-pore system.

In addition, the Biot coefficients exhibit analogous directional dependence. Under vertical or horizontal compres-
sion, pore flattening increases the effective solid fraction in the loading direction while reducing it in the orthogonal
direction. Consequently, the Biot coefficient increases along the loading axis, indicating stronger coupling between
pore pressure and normal stress, while it decreases transversely. After staged solid contact, the Biot coefficients in
different directions during different-direction compression decrease greatly and tend to zero after full contact, denot-
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ing the decreasing effect of pore fluid pressure. In shear loading, however, the Biot coefficients in both vertical and
horizontal directions increase. This is because diagonal pore compression enhances the effective load-bearing area,
thereby strengthening the coupling between fluid pressure and stress in multiple orientations. Nevertheless, the Biot
coefficients still exhibit abrupt decreases during staged pore contact and remain a non-zero residual value after full
contact.

In summary, the findings highlight pore contact as the dominant mechanism governing the nonlinear and aniso-
tropic poromechanical response of porous solids. The sequential nature of pore closure not only controls the rate
of stiffness evolution but also determines its directional dependence. This behaviour reflects a fundamental trans-
ition in deformation mechanisms from a regime dominated by distributed solid-skeleton deformation to one governed
by localised contact networks, accompanied by stress redistribution and progressive development of an anisotropic
microstructural fabric.

4.4 Complex multi-pore case

To demonstrate the applicability of the proposed FA-LCP algorithm to complex porous media, a two-dimensional
square domain with side length L = 10 mm is considered, in which 180 pores are randomly distributed, as shown in
Figure 15. The initial porosity is 0.35. The solid skeleton is assumed to be isotropic and linearly elastic, with the
same Young’s modulus and Poisson’s ratio as those adopted in the previous simplified multi-pore model (Section 4.3).
Periodic boundary conditions are imposed in the same manner. To mimic progressive compaction induced by increasing
external compressive loading, only vertical compression is applied through prescribed displacement increments. The
displacement increment is set to u3 = −1 × 10−2 mm per load step before contact initiation and reduced to u3 =
−5×10−3 mm thereafter to resolve the rapid evolution of contact during pore closure. The loading scheme is consistent
with the small-strain assumption adopted throughout this study.

10

10

x1
x3

Figure 15: Geometry of the complex multi-pore system with 180 randomly distributed pores.

Based on this complex multi-pore configuration, the evolution of porosity, directional incremental tangent Young’s
moduli, Poisson’s ratio, shear modulus, and directional Biot coefficients is evaluated throughout progressive compres-
sion loading, as shown in Figure 16. The overall trends are consistent with those observed in the simplified six-pore
model. In particular, the evolution of effective properties is governed by a piecewise response associated with the onset
and progression of solid contact, which may either amplify or counterbalance the effects of continued compression.
With increasing compression, local pore closure and early contact formation occur in a subset of pores, while the global
porosity exhibits only gradual variation. This highlights that significant changes in effective mechanical properties
can arise from the development of local contact networks even when the overall porosity remains nearly unchanged.
These results further demonstrate the necessity of explicitly accounting for solid contact in realistic porous media,
where macroscopic property evolution is strongly governed by pore-scale contact interactions.
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Figure 16: Evolution of (a) effective porosity n, incremental tangent Poisson’s ratio ν13, incremental tangent Biot
coefficient in different direction b1, b2 and b3, (b) incremental tangent Young’s modulus E1 and E3 and incremental
tangent shear modulus G13 during progressive vertical displacement.

5 Conclusion

In this study, a comprehensive FEM-based numerical framework is developed to analyse the behaviour of porous
solids with frictionless solid contact in two dimensions. The framework incorporates a perturbation-based piecewise
stiffness matrix updating scheme, enabling on-the-fly tracking of evolving incremental (tangent) effective anisotropic
mechanical properties and poroelastic coefficients under multidirectional loading. The methodology is applied to both
single-pore and multi-pore configurations to investigate the interplay between pore geometry, contact evolution, and
macroscopic mechanical response. The main findings are summarised as follows:

1. The proposed framework develops a fast approximation algorithm for the underlying linear complementarity
problem (FA-LCP), reducing the computational cost of contact resolution by an order of magnitude compared
with Lemke’s algorithm and by up to two orders of magnitude compared with the projected Gauss–Seidel
solver, while maintaining the accuracy required for computational homogenisation. This framework also allows
automated updates of stiffness parameters for evolving configurations, accurately capturing complex contact
interactions and predicting anisotropic incremental tangent Young’s modulus, shear modulus, Poisson’s ratio,
and Biot coefficients under multidirectional loading. This method enables homogenisation of geometries that
lack analytical solutions due to the strong interactions between the pores.

2. In both single- and multi-pore systems, progressive pore closure dominates the evolution of macroscopic mech-
anical properties rather than global porosity change. Sequential contact induces a transition from a skeleton-
controlled deformation regime to a contact-network-dominated behaviour, highlighting that initial porosity alone
cannot fully describe the material state.

3. Before solid contact, Young’s modulus along the loading direction decreases with displacement, while the or-
thogonal modulus generally increases due to pore flattening. Shear loading induces asymmetric deformation
and reduces Young’s modulus in all directions. After solid contact, the incremental tangent Young’s moduli
in different directions increase markedly, particularly under horizontal and vertical compression, where they
progressively approach the Young’s modulus of the intact solid.

4. Incremental tangent shear modulus initially increases during pore flattening due to enhanced oblique load trans-
fer, and approaches to solid shear modulus after contact occurs. The incremental tangent Poisson’s ratio exhibits
decreases with displacement under compression, but can increase post-contact, especially under shear loading,
reflecting inclined contact surfaces facilitating stress transfer and anisotropic coupling effects.

5. Biot coefficients exhibit strong directional dependence. They increase along the loading axis under uniaxial
compression and rise in multiple directions under shear loading. Following solid contact, the Biot coefficients
decrease greatly, particularly under compressive loading where they approach zero. This behaviour underscores
the critical role of pore geometry, contact sequence, and emerging contact networks in governing poroelastic
behaviour

Despite the developments and results presented above, several limitations remain in the present model and numerical
methodology. First, the current implementation is restricted to a two-dimensional plane strain setting. In particular,
although solid contact can be robustly handled in two dimension, the extension to face-to-face contact in 3D configura-
tions introduces significant algorithmic and geometrical challenges. These include more complicated contact detection,
constraint enforcement, and active-set identification, which have not yet been developed in the present work. Second,
frictional effects within the contact group are neglected, and only frictionless normal contact is considered. While
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this assumption simplifies the complementarity structure and improves computational efficiency, it may underestimate
shear resistance and energy dissipation in granular or rough-contact systems. Third, the solid matrix is modelled as
linear elastic, while it does not account for finite deformation or material nonlinearities such as plasticity, damage, or
viscoelastic effects. Consequently, the incremental stiffness matrix is evaluated within locally updated configurations.
In addition, the pore fluid pressure along the pore boundaries is assumed to be constant. Moreover, the computational
domain is restricted to an axis-aligned rectangular RVE. This requirement facilitates the implementation of periodic
boundary conditions and simplifies matrix assembly, but it reduces geometric flexibility.

From a numerical perspective, the objective of the solid contact treatment is to solve (17), which involves two
challenges. First, the system contains two coupled unknown fields (i.e. the displacements and the contact forces),
requiring a complex optimisation process. Second, determining the active contact set requires checking all possible
contact groups, which becomes computationally expensive for large-scale problems due to the combinatorial growth
of candidate contact configurations. A major contribution of this work is the significant speedup achieved by the
proposed fast approximation LCP method. However, for cases involving complex and densely distributed contact
groups, slight oscillations in the post-contact stiffness parameters may occur. These oscillations are mainly induced
by the approximate treatment of the active set in highly constrained configurations. Although they remain small and
within the prescribed numerical tolerance, this phenomenon can limit the utility of the developed method where a
high degree of accuracy is required.

The framework presented in this paper can be expanded in a number of different directions in the future. Most
obviously, an extension to three dimensional finite element simulations is eminently achievable, without any substantial
changes needing to be made. A small caveat to the system’s applicability to geomaterials is that it requires the solid
material to be fully connected (and thus incapable of rigid body motions after the Dirichlet boundary conditions have
been applied). However, in realistic geometries of rocks and soils it is possible to have disconnected grains that are
individually capable of rigid body motions, which ultimately leads to the LU decomposition not being obtainable and
the method failing. The remedy in this case is straightforward, by simply changing from quasi-statics to dynamics and
specifying an impact law (typically Newton’s impact law), a classical nonsmooth contact dynamics method is obtained
[22], which is easily adapted to our framework. Staying within two dimensional analysis, we may also note that the
Coulomb friction model can be written in LCP form, following the classic approach of [90], allowing a straightforward
extension to the more realistic case of frictional contact. Cohesive zone models for fracture propagation (possibly
inclusive of friction) can also naturally be implemented in this framework [91, 92, 93, 94]. It is only in the case of
friction (or cohesion) in three dimensions, where the problem cannot be written in LCP form, but instead as a second-
order cone complementarity problem [95, 96], where the FA-LCP method as presented in this paper to approximate
the solution of the contact problem will not work, and further effort is required to develop a similar fast approximation
method. We note that the numerical homogenisation by perturbation method remains robust in all of these cases, with
the small caveat that formally as dissipative behaviours frictional sliding and crack growth should not be homogenised
into elastic constants, but instead should appear as macro-scale plasticity.

The framework presented in this article provides a robust and efficient tool for resolving complex contact inter-
actions, capturing nonlinear, anisotropic, and path-dependent poromechanical responses that conventional FEM or
continuum models cannot easily predict. By linking pore-scale mechanisms to macroscopic behaviour, it offers critical
insights into stress redistribution, piecewise stiffness evolution, and poroelastic coupling, with direct relevance to both
engineered porous materials and natural geological formations under multidirectional stress, laying the foundation for
future studies on the design, optimisation, and mechanical stability assessment of porous systems.
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