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Abstract
We present a model for crushable granular rocks by embedding breakage mechanics in the Cosserat continuum. This
model features a dependence on an enriched set of state variables (the elastic strains and curvatures, the density, the
solid fraction, and the breakage state variable), demonstrates a dependence of the yield surface on the Lode angle,
breakage and solid fraction, and evolution laws that tightly couple the competing processes. We then outline the notion
of linear stability analysis and how we use this technique to obtain both the thickness and orientation of any shear
bands that may form in the system. The model is then calibrated from data available in the literature on Fontainebleau
sandstone and other similar granular rocks. We compare the model predictions with experimental measures of both
the stress-strain response, and the width and angle of shear bands, and find good agreement with the results that have
been previously reported.
Keywords: Grain crushing · Pore collapse · Cosserat continuum.

1 Introduction
The formation of shear and compaction bands is a typical failure mode for geomaterials, in both the laboratory and
the field. Typical rate-independent continuum mechanics models are not able to predict finite thicknesses for shear
bands due to the absence of an internal length scale [1]. The Cosserat continuum, which features an internal length
scale, allows the prediction of finite thickness shear bands. However, in cases where the underlying grains crush, as is
typically the case for granular rocks such as Fontainebleau sandstone, the internal length scale which is attached to
the underlying grain size distribution (GSD) should also evolve. We thus present a model drawn from the breakage
mechanics family [2, 3] embedded in the Cosserat continuum framework [4] that accounts for grain size evolution and
porosity change [5] while being able to predict finite shear band width.

2 Theoretical development

2.1 Definitions
We introduce the breakage state variable B given by

B =

∫ dMax

dmin
[p̂(w)− p̂0(w)]dw∫ dMax

dmin
[p̂u(w)− p̂0(w)]dw

, (1)

where p̂0, p̂, p̂u are the probability densities of the initial, current and ultimate grain size distributions as functions of
the grain size w and dmin and dMax are the smallest and largest grain sizes present in any of the distributions. We
assume that both the initial and ultimate GSDs are known (by mathematical definition or laboratory analysis in the
case of the initial GSD, or by analysis of exhumed faults in the relevant rock type, in the case of the ultimate GSD).
Here, we assume a probability density for the initial GSD p0 given by

p̂0(w) = δ(w − dMax), (2)
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where δ is the Dirac delta function. We assume that the probability density for the ultimate GSD pu follows a power
law:

p̂u(w) =
3− α

dMax
3−α − dmin

3−αw
2−α, (3)

where α is a dimensionless constant with typical values of 2.5 − 2.8. Then, we are able to express the probability
density of the current GSD by

p̂(w,B) = p̂0(w)(1−B) + p̂u(w)B, (4)

We are also able to construct three grading constants given by

θγ = 1− 3− α

5− α

(
1− (dmin/dMax)

5−α

1− (dmin/dMax)3−α

)
, (5)

θκ = 1− 3− α

7− α

(
1− (dmin/dMax)

7−α

1− (dmin/dMax)3−α

)
, (6)

θI = 1− 3− α

8− α

(
1− (dmin/dMax)

8−α

1− (dmin/dMax)3−α

)
. (7)

Now, following the small strain assumption, using the Einstein summation convention, and denoting time derivatives
with an overdot, we consider u̇i, our rate of translation along the xi axes, and ω̇c

i , the relative Cosserat micro-rotation
about the xi axes. Our strain rate and curvature rate tensors are then given by

γ̇ij = u̇i,j + ϵijkω̇
c
k, (8)

κ̇ij = ω̇c
i,j , (9)

where ϵijk is the Levi–Civita symbol. Both strain and curvature rate tensors can be split into their trace and deviatoric
parts:

γ̇ij =
1

3
γ̇kkδij + ėij , (10)

κ̇ij =
1

3
κ̇kkδij + żij , (11)

where γ̇kk = ε̇v the volumetric strain rate and δij is the Kronecker delta. Finally, the strain and curvature rates (as
well as their trace and deviatoric components) can be decomposed into their elastic and plastic parts:

γ̇ij = γ̇e
ij + γ̇p

ij , (12)
κ̇ij = κ̇e

ij + κ̇p
ij . (13)

We consider the mass density of the continuum material ρ, as well as the solid mass density ρs. From this, we may
define the solid fraction as a state variable, given by

ϕ =
ρ

ρs
. (14)

For a given GSD determined by B, there exist minimum and maximum possible values for the solid fraction, which
we define by [6]

ϕmin = 1− αlower(1−B)lϕ exp(−lϕB), (15)
ϕMax = 1− αupper(1−B)uϕ exp(−uϕB), (16)

where αlower and αupper are terms giving the lower and upper solid fraction limits for B = 0 and lϕ and uϕ are index
terms controlling the evolution of the limits with B. From these expressions, we define the relative solid fraction χ by

χ =
ϕ− ϕmin

ϕMax − ϕmin
. (17)

We define the (nonsymmetric) stress tensor τij and the couple-stress tensor µij , which are respectively dual in power
to the strain rate and curvature rate tensors, and decompose them into their trace and deviatoric parts:

τij =
1

3
τkkδij + sij , (18)

µij =
1

3
µkkδij +mij , (19)

where the mean stress p = 1
3τkk. We define the second deviatoric stress invariant q by

q =

√
6

5
sijsij +

3

10
sijsji +

1

ℓe2

(
6

5
mijmij +

3

10
mijmji

)
, (20)
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where ℓe is the internal length scale given by [4]

ℓe = dMax

√
1− θκB. (21)

Finally, we also note the existence of the breakage energy EB , which is the energetic dual of the breakage B.

2.2 Model
We present a slightly modified version of the model developed in [5], to which we refer the reader for the full de-
velopment. The stress-like variables are derived from an energy potential in the standard manner and are given
by

τeij =

(
ρ

ρ⋆s

)n

(1− θγB)Ce
ijklγ

e
kl, (22)

τij = τeij +

(
ρ

ρ⋆s

)n
n− 1

2
[(1− θγB)Ce

klmnγ
e
klγ

e
mn (23)

+(1− θκB)dMax
2De

klmnκ
e
klκ

e
mn

]
δij ,

µij =

(
ρ

ρ⋆s

)n

(1− θκB)dMax
2De

ijklκ
e
kl, (24)

EB =

(
ρ

ρ⋆s

)n (
θγ
2
Ce

ijklγ
e
ijγ

e
kl +

θκ
2
dMax

2De
ijklκ

e
ijκ

e
kl

)
, (25)

where ρ⋆s is the unstressed solid density and Ce
ijkl and De

ijkl are the elastic tensors given by

Ce
ijkl =

(
K̄ − 2Ḡ

3

)
δijδkl + (Ḡ+ Ḡc)δikδjl + (Ḡ− Ḡc)δilδjk, (26)

De
ijkl =

(
L̄− 2H̄

3

)
δijδkl + (H̄ + H̄c)δikδjl + (H̄ − H̄c)δilδjk, (27)

where K̄ and Ḡ are the nonlinear bulk and shear stiffnesses respectively, and Ḡc, L̄, H̄ and H̄c are Cosserat stiffnesses.
τeij is the elastic (as distinct from total) stress and can be decomposed into trace (pe) and deviatoric parts similarly.

We introduce a function F given by

F =

√
EB

Ec
(1−B)− ζχ, (28)

where Ec is the critical breakage energy associated with the start of grain crushing, and ζ is a parameter that controls
the dilation of the material under shearing. Then, the yield function of the material is given by

y = F 2 +

(
q

(1−B)a (Mpe + ϕc)

)2

− 1 ≤ 0, (29)

where c is a parameter controlling the cohesion of the material, a is a parameter controlling the shear strength reduction
with increasing breakage and M is a function given by

M = M0(1 + ζH(−F )F ), (30)

where H(x) is the Heaviside step function defined by H(x) = 0 if x < 0 and H(x) = 1 if x ≥ 0. M0 is a function
defined by

M0 =
3 sin(φ)√

3 cos(β)− sin(β) sin(φ)
, (31)

where φ is the internal friction angle, and β is the Lode angle given in the Cosserat continuum by

β =
1

3
arcsin

(
27

2

det(sij)

q3

)
, (32)

where the values lie between −π/6 and π/6, and triaxial compression has a Lode angle of π/6.
Finally, we must specify the evolution laws of the system, which we develop using the h2-plasticity framework [7]

are given by

ρ̇ = ρε̇v, (33)
ϕ̇ = ϕ̇e + ϕ̇p, (34)
ϕ̇e = ϕ(1− χ)ε̇ev, (35)

ϕ̇p = ⟨λ⟩(1− ⟨−y⟩)sF 2ϕ(1−B)

pe

√
EB

Ec
sin2(ω), (36)

3



Table 1: Material parameters taken from the literature
Parameter Value Unit Source
dmin 0.001 mm Kendall [8]
dMax 0.25 mm Ouffrouk [9]
α 2.6 — An & Sammis [10]
αlower 0.28 — Bourbié & Zinszner [11]
αupper 0.03 — Bourbié & Zinszner [11]
uϕ 0.12 — Cil et al. [6]
lϕ 0.16 — Cil et al. [6]
n 3 — Alaei et al. [12]
ρ⋆s 2.65× 10−3 g/mm3 Goodfellow et al. [13]

Ḃ = ⟨λ⟩(1− ⟨−y⟩)s⟨F ⟩R(1−B)√
EBEc

cos2(ω) (37)

γ̇p
ij = ⟨λ⟩(1− ⟨−y⟩)s

[
F
2(1−B)

pe

√
EB

Ec
sin2(ω)δij

+
2

[(1−B)a(Mpe + ϕc)]2

(
6

5
seij +

3

10
seji

)]
, (38)

κ̇p
ij = ⟨λ⟩(1− ⟨−y⟩)s 2

[(1−B)a(Mpe + ϕc)]2

(
6

5
me

ij +
3

10
me

ji

)
, (39)

where R is a parameter controlling the rate of grain breakage, s is a parameter controlling the smoothness of the
constitutive response, the Macaulay brackets give ⟨x⟩ = (x + |x|)/2, λ is the plastic multiplier and ω is a coupling
angle given by

ω =
π

2
[1− χH(F )] . (40)

The model is integrated numerically using a standard implicit Euler time discretisation and a classical return-mapping
algorithm that determines the value of λ along with the state variables. By taking the time derivatives of the stresses
and couple-stresses and rearranging in terms of the strain and curvature rates, we obtain the incremental elastoplastic
stiffness tensors Eep

ijkl and F ep
ijkl (linking the stress rate with the strain and curvature rates respectively) and Kep

ijkl and
Mep

ijkl (linking the couple-stress rate with the strain and curvature rates respectively).

2.3 Linear stability analysis
In order to determine the width and orientation of shear bands, we conduct a linear stability analysis by perturbing
the underlying displacement and micro-rotation fields and studying the effects on the equilibrium equations of the
Cosserat continuum:

τij,j − ρüi = 0i, (41)
µij,j − ϵijkτjk − Iω̈c

i = 0i, (42)

where I is the moment of microrotational inertia (given by I = (π/60)ρ(1 − θIB)dMax
5 [4]), assuming that the

perturbations follow the incremental stress and couple-stress rate relationships, then assuming the perturbations have
solutions of the form

U⋆
i (xj , t) = Ūie

st+ 2πi
Λ xjnj , (43)

Ω⋆
i (xj , t) = Ω̄ie

st+ 2πi
Λ xjnj , (44)

where Ūi and Ω̄i are constants, s is the Lyapunov growth coefficient, Λ is the perturbation wavelength and nj is
the polarisation vector of the perturbation. For a given set of state variables and after having converted from the
Cartesian to cylindrical coordinate systems, we write the matrix acting on the Ūi and Ω̄i and analyse whether that
matrix becomes singular by finding the roots of its characteristic polynomial written in terms of s. In particular, we
search for the ni and Λ associated with the root of the polynomial that has the largest positive real part (if such a
root exists), which is the perturbation that grows the fastest. The shear band that is the physical realisation of this
perturbation has a resulting thickness Λ/2 and orientation nj .

3 Calibration
The model parameters are calibrated using values directly from the literature on Fontainebleau sandstone, or following
more general arguments about granular rocks. These values are listed in Table 1.
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Table 2: Material parameters obtained from fitting against the elastic parameters reported by Ouffroukh [9]
Parameter Value (MPa)
K̄ 39487
Ḡ 31332
Ḡc 52220
L̄ 0
H̄ 31332
H̄c 52220Table 3: Material parameters obtained from fitting against the peak stresses reported by Ouffroukh [9]
Parameter Value Unit
Ec 4.0 MPa
φ 0.9 —
c 24.1 MPa
s 20 —

We have three parameters that are free to specify, namely ζ, a and R, which we set to 0.5, 3 and 8 respectively.
Using data from Ouffroukh [9], we calibrate the nonlinear bulk and shear stiffnesses by setting B = 0, obtaining the
material density using the reported porosity value of 21%, taking an average of the reported Poisson’s ratio ν for the
first cycle of the cyclic drained triaxial compression tests, then calculating the value of Ḡ that minimises the least
squares difference with the reported shear modulus at each confining stress. K̄ is then calculated using the standard
linear elastic relationship between K, G and ν (as the nonlinear scaling by the density acts equally on K̄ and Ḡ, the
classical relation still holds). Now, using the calibration method given in [4], we obtain directly the Cosserat stiffnesses
by Ḡc = 5Ḡ/3, L̄ = 0, H̄ = Ḡ and H̄c = 5Ḡ/3. The obtained values are listed in Table 2.

Finally, there remains four parameters to calibrate, namely Ec, φ, c and s. We vary these against the axial-strain
and differential-stress data provided by Ouffroukh [9] to obtain the calibrated values reported in Table 3.

4 Results
We compare the predictions of the calibrated model against data obtained from two drained triaxial compaction
experiments reported by Ouffroukh, one at 40 MPa confining pressure and the other at 50 MPa, both compacted to
1% axial strain. The comparison with the experimental axial strain and deviatoric stress results are shown in Figure 1.
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Model Experiment

Figure 1: The predictions of the model against the experimental data reported by Ouffroukh [9].
We see that the model captures very well the initial elastic loading of the system, and also accurately models the

stress drops that occur immediately after obtaining the peak stress. While some part of the stress relaxation prior
to the stress drop is not captured by the model, the h2-plasticity does enable the model to relax the stresses relative
to what they would be in a pure elasto-plastic model. However, it is also noticeable that the stress peak and drop
occur after slightly more straining than predicted by the model. Nevertheless, we consider that the model successfully
captures the important features of the stress-strain response of the material.

In Figure 2, we consider the evolution of the B and ϕ internal variables of the system.
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Figure 2: The evolutions of the internal breakage B and solid fraction ϕ variables for the simulations corresponding
to initial confining pressure of 40 and 50 MPa.

We observe that the evolution of the grain breakage is rapid in both simulations, with the 50 MPa confining
pressure developing more grain breakage, albeit starting slightly later in the simulation. By contrast, the solid fraction
only evolves slightly, with the breakage taking the dominant role in energy dissipation. We may compare this with the
shear band shown in Figure 3, in which we observe very substantial grain breakage and a pore space that is diffused
over many more individual pores, rather than in large distinct pores. We thus conclude that the model is accurately
capturing the microstructural evolution of the experimental samples.

Figure 3: A microphotograph of a shear band formed in a drained test of Fontainebleau sandstone confined at 50 MPa,
taken from [14].

Finally, after conducting linear stability analyses where we set the radius to conduct the analysis at to 18.75 mm
to match the size of the experimental samples, we obtain predicted shear band widths of 1.94 mm and 1.55 mm for the
40 and 50 MPa confining stress systems respectively. These are slightly thicker than the range of 0.2–1 mm reported
by Ouffroukh for these systems. The orientations of the bands are at 49.9◦ and 48.2◦ to the horizontal for the two
systems, which is slightly less inclined than the observed values, which are in the range of 54–60◦.

5 Conclusions
We have presented a model that accounts for grain breakage and the reduction of pore space in a micro-physically
motivated fashion, using only variables that are experimentally accessible and well-established in the literature. The
model has been calibrated from data available in the literature, and comparisons of model predictions against historical
experiments demonstrates that the important features of the stress-strain behaviour are accurately captured. A
comparison of the predicted localization behaviour with historical results demonstrated that the model can predict
the shear band thickness and orientation with good accuracy. The results demonstrate that the breakage mechanics
framework, suitably enriched with the Cosserat continuum, is able to predict the behaviour of porous granular rocks
such as Fontainebleau sandstones in terms of both material behaviour and the emergence of structural features such
as shear bands.
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